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Abstract
The next-to-leading order corrections in αs to the process e
+e− → q ¯˜qg˜ are
presented in the framework of the Minimal Supersymmetric Standard Model
(MSSM). In addition to being the leading order process for gluino production
at e+e− colliders, this process can be used to measure the supersymmetric q ¯˜qg˜
Yukawa coupling. A comparison of this coupling with the strong gauge coupling
tests the supersymmetric SU(3) coupling relation. In the parameter range inter-
esting for such a comparison, the NLO corrections have been found to enhance
the leading order cross section. Since the dependence on the renormalization
scale is reduced at the same time, the accuracy and reliability of the theoretical
prediction for this process is therefore improved.
Zusammenfassung
In dieser Arbeit wird die Berechnung der Korrekturen zum Prozeß e+e− → q ¯˜qg˜
in na¨chstfu¨hrender Ordnung in der starken Kopplungskonstante αs im Rah-
men des Minimalen Supersymmetrischen Standardmodells (MSSM) pra¨sentiert.
Dieser Prozeß ist einerseits der fu¨hrende Prozeß zur Produktion von Gluinos an
e+e− Beschleunigern, andererseits kann er zur Messung der supersymmetrischen
q ¯˜qg˜ Yukawa Kopplung benutzt werden. Durch Vergleich dieser Kopplung mit der
starken Eichkopplung ist ein Test der supersymmetrischen SU(3) Kopplungsrela-
tion mo¨glich. In dem dafu¨r interessanten Parameterbereich wird der Wirkungs-
querschnitt in fu¨hrender Ordnung durch die Strahlungskorrekturen vergro¨ßert.
Da sich gleichzeitig die Abha¨ngigkeit von der Renormierungsskala verkleinert,
wird die Genauigkeit und Verla¨sslichkeit der theoretischen Vorhersage fu¨r diesen
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The Standard Model of elementary particle physics [1] provides a remarkably
successful description of high energy physics phenomena. It is a renormalizable
quantum field theory based on Lorentz and gauge symmetries with the gauge
group SU(3)C × SU(2)L × U(1)Y . The masses of gauge bosons and fermions are
generated via the Higgs mechanism [2] in a way that preserves gauge invariance
and renormalizability.
The force sector of the Standard Model has been experimentally established by
the discovery of the gluon [3] and the massive electroweak gauge bosons W ± and
Z0 [4]. Following these discoveries, high precision measurements have allowed
first steps towards the verification of the non-abelian coupling structure and,
in some cases, have tested the Standard Model even to the level of radiative
corrections. The recent discoveries of the top quark [5] and the τ neutrino [6]
leave the Higgs particle as the only missing ingredient of the Standard Model.
Though collider experiments have not shown any deviations from the Standard
Model up to now, neutrino oscillations have been recently found [7], implying
neutrinos to be massive. Neutrino masses can however be incorporated into the
Standard Model, without changing the general structure.
Despite its success, there exist several conceptual problems in the Standard
Model, which indicate the existence of new physics. First of all, gravity, the fourth
fundamental force of nature, is not included in the Standard Model, though it will
become relevant at the Planck scale MP ≈ 1019 GeV. Furthermore, the specific
gauge group of the Standard Model, the quantum numbers of particles, and the
parameters, i.e. the couplings and masses, are all chosen ad hoc to fit observations,
with no underlying principle guiding this choice. The latter point makes Grand
Unified Theories (GUT’s) attractive, which simplify the symmetry structure and
can partly explain the quantum numbers of particles. The extrapolation of the
three Standard Model couplings to high energies using the renormalization group
equations suggests a unification scale MGUT ≈ 1014−1016 GeV. It seems therefore
inevitable that new physics at energy scales much larger than the electroweak
scale has to be introduced.
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However, such large scale hierarchies are destabilized by radiative corrections
in the Standard Model. This problem is called the naturalness problem [8], and
it arises in the Higgs sector from quadratically divergent radiative corrections to
the Higgs mass.
By introducing supersymmetry [9], which relates fermionic and bosonic states,
the naturalness problem can be solved. In a supersymmetric extension of the
Standard Model all fermions are accompanied by bosonic superpartners with the
same quantum numbers but different spin, and vice versa. The particle content
is therefore effectively doubled. Since fermions and bosons contribute with oppo-
site signs in loops, the quadratic divergences are cancelled in a supersymmetric
theory. This is however only valid if the gauge couplings are equal to the corre-
sponding supersymmetric Yukawa couplings, as guaranteed by supersymmetry.
Furthermore, assuming a grand unified scenario the weak mixing angle can be
predicted from the measured values of αem and αs at the electroweak scale. This
prediction agrees with the measured value within supersymmetry, but not within
the Standard Model alone. Finally, supersymmetry naturally includes gravity if
it is implemented as a local symmetry.
If supersymmetry is realized in nature it has to be broken, in order to remove
the mass degeneracy between the Standard Model particles and their supersym-
metric partners. Since different supersymmetry breaking mechanisms with dif-
ferent predictions for electroweak scale supersymmetry have been proposed, the
breaking is parameterised by the introduction of the most general explicit break-
ing terms compatible with renormalizability and gauge symmetry. These would
however reintroduce quadratic divergences into the theory, leading to a reap-
pearance of the naturalness problem. If supersymmetry is required to solve the
naturalness problem, only soft breaking terms which do not lead to new quadratic
divergences are allowed. The cancellation of the quadratic divergences is invari-
ably tied to the validity of the supersymmetric coupling relations between the
gauge and the Yukawa couplings. Only if these supersymmetric coupling rela-
tions hold is the cancellation of quadratic divergences ensured.
The minimal supersymmetric extension of the Standard Model with soft
breaking terms included is called the Minimal Supersymmetric Standard Model
(MSSM) [10, 11, 12], and is used for this analysis. In the MSSM with soft super-
symmetry breaking, the supersymmetric coupling relations still hold.
To establish softly broken supersymmetry experimentally, several steps are
necessary. First of all, the superpartner particles have to be discovered. In a
next step, the quantum numbers of these particles, including their spin, have to
be measured, making sure that these particles are indeed the superpartners of the
Standard Model particles. However, even if all superpartners have been found,
supersymmetry is not yet firmly established, and a last step is necessary: the
verification of the supersymmetric coupling relations, which ensure the cancella-
tion of quadratic divergences. Only then it can be said that supersymmetry is
realized in nature.
3The motivation for this investigation is the experimental verification of the
supersymmetric coupling relation in the SU(3) sector of the MSSM. This sector
contains the spin-0 squarks (q˜) and the spin- 1
2
gluinos (g˜) as superpartners of
the quarks and gluons. The supersymmetric SU(3) coupling relation requires
equality of the gauge coupling appearing in the qq¯g- and q˜ ¯˜qg-vertices, and the
Yukawa coupling appearing in the q ¯˜qg˜-vertex.
Due to the clean initial state and high luminosity, future e+e− linear colliders
will be an ideal tool for a comparison of these couplings with high precision.
The gauge coupling can be measured in the processes e+e− → qq¯g or e+e− →
q˜ ¯˜qg in the 3-jet region. The Yukawa coupling can be obtained from studying
the process e+e− → q ¯˜qg˜, which contains the q ¯˜qg˜-vertex at tree level. Since an
accurate and reliable theoretical prediction for these processes is needed for a
precise verification of the supersymmetric coupling relations, and QCD radiative
corrections are generally large, a complete calculation at next-to-leading order in
αs for these processes is necessary. The aim of this investigation is therefore the
calculation of the total cross section for the process e+e− → q ¯˜qg˜ in next-to-leading
order in the strong coupling constant αs.
Outline of the Thesis
The next two chapters are devoted to the presentation of the theory used as a
framework for this calculation. In the next chapter, a short introduction and
motivation to supersymmetry in general is given. In Chapter 3, we introduce the
Minimal Supersymmetric Standard Model, which provides the framework for our
calculation. The role of the gauge and Yukawa couplings in the QCD sector of
the MSSM is discussed in detail.
Squark and gluino production at tree level in e+e− collisions will be reviewed
in Chapter 4. Here, we will also discuss which processes are relevant for testing
the supersymmetric coupling relations for different regions of parameter space.
Furthermore, the notation for the NLO calculation is partially set up in this
chapter.
The calculation of the NLO corrections to the process e+e− → q ¯˜qg˜ is presented
in detail in Chapter 5, where the numerical results are also shown, and finally,
conclusions are drawn in Chapter 6.
The complete set of Feynman rules used is given in Appendix A. Appendix B
contains the total cross section for e+e− → q ¯˜qg˜ in leading order. The scalar
integrals that appear in the calculation of the virtual corrections are given in
Appendix C, along with the soft integrals from the real corrections. Finally,
Appendix D lists the mass and wave function renormalization constants explicitly.
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Chapter 2
Supersymmetry
2.1 Motivation for supersymmetry
2.1.1 Hierarchy and naturalness problems
Though the Standard Model is very successful at energies up to the electroweak
scale, it can only be an effective theory, that is not valid up to arbitrarily high
energies. For example, it does not incorporate gravity, which however will become
strong at the Planck scale MP ≈ 1019 GeV, making it necessary to extend the
Standard Model at this scale. Furthermore, grand unification may be realized
in nature with GUT scales in the range 1014 − 1016 GeV, as suggested by the
renormalization group evolution of the Standard Model gauge couplings. How-
ever, if there is no new physics between such a high scale and the electroweak
scale (grand desert scenario), several problems arise. First, the large hierarchy
between the electroweak scale Mew ≈ 100 GeV and the Planck or the GUT scale
cannot be explained by the Standard Model, a fact that is known as the hierarchy
problem [13].
However, even once such a large hierarchy is introduced, it is not stable against
radiative corrections within the Standard Model. This problem is known as the
naturalness problem [8], and it arises if one calculates radiative corrections to the
Higgs boson mass. Contributions originating from fermion loops are quadratically
divergent. Cutting off the loop momentum integrations at the scale Λ, where
new physics beyond the Standard Model enters, the leading divergences of these




Λ2 + . . . , (2.1)
where λf is the Higgs-fermion coupling. If one inserts the Planck mass MP for
Λ, the mass correction is of order M 2P . The natural value for the Higgs mass is
therefore of the order of the Planck scale. Of course the quadratic divergence
5
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can be absorbed during the renormalization procedure by introducing a coun-
terterm to cancel the Λ2 term. But if this counterterm is to cancel the quadratic
divergence nearly perfectly yielding a total mass correction that is several orders
of magnitude smaller, an extreme amount of fine-tuning is necessary. This is
generally considered as very unnatural. Note that for logarithmic divergences no
fine-tuning is necessary, since log(m2P/m
2
ew) ≈ log(1034) = O(10), so that there
is no problem for corrections to fermion or gauge boson masses. Thus, within
the context of the Standard Model, the natural value of the electroweak scale is
equal to the scale of new physics Λ, if fine-tuning is to be avoided.
The naturalness problem can be solved by introducing a pair of complex
scalars associated with the fermion, that have the same quantum numbers as the
fermion, and couple to the Higgs-boson with a coupling λS. They give another




Λ2 + . . . , (2.2)
that is equal to the fermion contribution, but with different sign due to the
different statistics of the particles. If λ2f = λS the quadratic divergences from
(2.1) and (2.2) cancel, and there only remain logarithmic divergences. Adjusting
the couplings in this way to ensure the cancellation of the quadratic divergences
is possible by imposing supersymmetry. This symmetry relates fermions and
bosons, and as a consequence a supersymmetric theory contains associated bosons
for all fermions in the theory and vice versa. These superpartners belong to the
same representation of the gauge group and have the same quantum numbers and
masses, apart from their spin, which differs by 1/2. Supersymmetry also relates
the couplings of the fermions and the associated bosons in a way that ensures
the cancellation of all quadratic divergences. This can be shown to be valid to all
orders of perturbation theory. Supersymmetry is therefore able to stabilize large
mass hierarchies against radiative corrections and thus solves the naturalness
problem, though it can not explain the origin of such large hierarchies.
Though the quadratic divergences cancel in a supersymmetric theory, the
mass correction still contains a finite term
δm2H ∝ λ2f(m2f −m2f˜), (2.3)
where mf and mf˜ are the masses of the fermion and the associated scalar in
the loop. These masses would have to be equal, if supersymmetry was an exact
symmetry of nature. But as will be explained below, supersymmetry has to
be broken, allowing the masses to be different. However, if the mass difference
appearing here is much larger than the electroweak scale the naturalness problem
reappears. This is the reason why one generally expects supersymmetric particles
to be not much heavier than about 1 TeV. Supersymmetry can therefore only
solve the naturalness problem, if it is relevant in the vicinity of the electroweak
scale.
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Figure 2.1: Renormalization group evolution of the inverse gauge couplings
α−1s (Q) in the Standard Model (dashed lines) and the MSSM (solid lines) in-
cluding two loop effects. In the MSSM case, α3(mZ) is varied between 0.113 and
0.123, and the sparticle mass thresholds between 250 GeV and 1 TeV. Figure
from Ref. [15].
2.1.2 Coupling unification
Another hint for supersymmetry comes from the unification of coupling constants
within the MSSM, which opens up the possibility of grand unification. In grand
unified theories (GUT’s) [14] the Standard Model gauge group GSM = SU(3)C ×
SU(2)L × U(1)Y is embedded at high energies into a larger GUT gauge group,
like SU(5) or SO(10). This GUT symmetry is broken down to the Standard
Model symmetry at the very high GUT scale MGUT. Since all gauge forces are
unified at the GUT scale, there is only a single gauge coupling at this scale,
and therefore the three Standard Model gauge couplings are equal at MGUT. The
value of these couplings at the electroweak scale can therefore be calculated using
the renormalization group equations. Alternatively, the measured values of the
couplings at low energy can be evolved to higher scales, and these curves must
meet in a single point if such a scenario is indeed realized in nature.
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The coefficients bi depend on the particle content of the low-energy theory. In















b3 = −11 + 4
3
Ng, (2.5)
where Ng = 3 is the number of generations, and NH = 1 the number of Higgs
doublets. Using the measured values at µ = mZ as input values, the evolution of
the three inverse couplings is shown in Fig. 2.1. Obviously the running couplings
do not meet in the Standard Model.
In the supersymmetric extension of the Standard Model, the additional par-
ticles modify the evolution equations. The coefficients bi are given by [17]




b2 = −6 + 2Ng + NH
2
b3 = −9 + 2Ng. (2.6)
As will be explained below, a supersymmetric extension of the Standard Model
needs two Higgs doublets, thus NH = 2. The resulting evolution of the inverse
couplings is also shown in Fig. 2.1. In this case the couplings do indeed meet at
a scale M ≈ 1016 GeV [18].
Equivalently, by postulating the three couplings to meet, the value of the weak
mixing angle at the electroweak scale can be predicted from the measured values
of αem and αs. While the Standard Model prediction is far from the measured
value, the prediction of supersymmetry agrees with the experimental value with
an accuracy of about 2%. Supersymmetry therefore allows the embedding of the
weak scale theory into a grand unified theory at high energies, whereas this is
not possible in the non-supersymmetric Standard Model.
2.1.3 Haag-Lopuszanski-Sohnius theorem
Since symmetries have played a great role in physics, it is natural to ask if the
symmetries of the Standard Model can be extended in any way. This question
has been answered by a series of so called No-Go theorems culminating in the
Coleman-Mandula theorem [19]. It states that the most general symmetry an
interacting quantum field theory can possess is the Poincare´ symmetry of space-
time plus an arbitrary number of additional internal symmetries, like e.g. gauge
symmetries. But it is possible to circumvent this No-Go theorem allowing a
real extension of the Poincare´ symmetry by including also fermionic symmetry
2.2. THE SUPERSYMMETRY ALGEBRA 9
generators in addition to the usual bosonic ones. These fermionic symmetry
generators connect bosons and fermions with each other. The symmetry algebra
will then be a Z2-graded Lie algebra, which is given in terms of commutators
as well as anticommutators. The most general symmetry of this type with a
non-trivial S-matrix is N -extended supersymmetry [20]. It contains N sets of
2 component Weyl spinors Qiα, Q¯
i
α˙ (i = 1 . . .N) in addition to the generators
of the Poincare´ algebra. Though extended supersymmetry has some remarkable
properties, e.g. N = 4 supersymmetric theories are completely finite [21], it
cannot be relevant for physics at the electroweak scale since in 4 space-time
dimensions it does not allow chiral fermions or parity violation which are both
needed in Standard Model. Therefore only N = 1 supersymmetric models can
be phenomenologically relevant, and only these will be considered below.
2.1.4 Incorporation of gravity
For studying low energy phenomenology, supersymmetry is realized as a global
symmetry. But it can also be realized as a local symmetry. In analogy to usual
gauge theories, promoting supersymmetry to a local symmetry makes it necessary
to introduce additional gauge fields to maintain invariance of the theory [22]. In
the case of local supersymmetry these additional fields are the spin 2 graviton and
its superpartner, the spin 3/2 gravitino, which are both massless. The resulting
theory therefore incorporates gravity. It can also be seen from the supersymme-
try algebra that invariance under local supersymmetry transformations implies
invariance under local coordinate changes. This is however the invariance princi-
ple General Relativity is based upon. Local supersymmetry therefore naturally
incorporates gravity, and is also called supergravity [23]. However, supergravity
is a non-renormalizable theory and can not be seen as a full quantum theory of
gravity.
2.2 The supersymmetry algebra
As already mentioned, the supersymmetry algebra is an extension of the Poincare´
algebra. The Poincare´ algebra itself contains the generators of space-time trans-
lations Pµ and the generators of rotations and Lorentz boosts Mµν . In addition
to these the supersymmetry algebra includes the fermionic generators of super-
symmetry transformations Qα and Q¯α˙, which are left-handed and right-handed
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2-component Weyl-spinors. The supersymmetry algebra is given by
{Qα, Q¯β˙} = 2σµαβ˙Pµ
{Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0
[P µ, Qα] = [P
µ, Q¯α˙] = 0
[Mµν , Qα] = −i(σµνQ)α
[Mµν , Q¯α˙] = −i(σ¯µνQ¯)α˙ (2.7)
where σµ = (1, σi), σ¯µ = (1,−σi) with the Pauli matrices σi, and σµν =
1
4
(σµσ¯ν − σνσ¯µ). The last two relations of the algebra express the fact that
the supersymmetry generators transform as spinors under Lorentz transforma-
tions and rotations. Since the generators of supersymmetry transformations are
fermionic objects, supersymmetry connects bosons and fermions.
In a theory with unbroken supersymmetry, the one-particle states form a
representation of the supersymmetry algebra. The one-particle states fall into ir-
reducible representations, which are known as supermultiplets. The various parti-
cles in a supermultiplet are called superpartners and the corresponding quantum
fields are called component fields.
Since the mass2 operator P 2 obviously commutes with the supersymmetry
generators, all particles in a supermultiplet have equal masses. The supersymme-
try generators also commute with all generators of the internal gauge symmetries.
Therefore all particles in a supermultiplet belong to the same representation of
the gauge group, and have the same gauge quantum numbers. The supersym-
metry generators do however not commute with the generalised spin operator




νMρσ is the Pauli-Lubanski vector. Though
W 2 is a Casimir operator of the Poincare´ algebra, it is no Casimir operator of
the supersymmetry algebra, implying that supermultiplets contain particles of
different spin. Explicit construction of the supermultiplets shows that they con-
tain fermions and bosons with spins differing by 1
2
. It can furthermore be shown
that supermultiplets contain an equal number of bosonic and fermionic degrees
of freedom.
Supersymmetry therefore predicts that for each fermion in the theory there
is a corresponding boson with the same mass and gauge quantum numbers and
vice versa. The mass degeneracy of superpartners can however be removed if
supersymmetry is broken. Since none of the superpartners of the Standard Model
particles have been discovered so far, their masses must be significantly greater
than the masses of their Standard Model counterparts. If supersymmetry is
realized in nature it has to be broken.
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2.3 Construction of supersymmetric Lagrangians
In this section we will give a brief introduction to the construction of super-
symmetric Lagrangians. Since this construction is in general rather complicated
only a general overview of the method will be given. A detailed account of the
procedure and the necessary formalism can be found in the literature [24, 25].
In principle such a construction could be done in terms of the component
fields of the theory once the particle content has been chosen. Writing down a
Lagrangian invariant under the required gauge symmetries and under supersym-
metry is however very complicated. Though it is simple to write down gauge
invariant terms, these terms are not invariant under supersymmetry transforma-
tions, because it mixes bosonic and fermionic fields. Instead, only cancellation of
the variations of several terms render the Lagrangian invariant under supersym-
metry. It is therefore much more convenient to use the fact that the fields of a
supersymmetric theory can be classified into supermultiplets, consisting of fields
that transform into each other under supersymmetry transformations. Superfields
can be assembled from these component fields of a supermultiplet, providing the
building blocks for the further construction of the supersymmetric Lagrangian.
Introducing anticommuting coordinates θ and θ¯, the 4-dimensional space-time
can be extended to superspace, labelled by z = (x, θ, θ¯). Superfields can be writ-
ten as functions in superspace Fˆ = Fˆ (z) = Fˆ (x, θ, θ¯). By expanding a superfield
in a power series in θ and θ¯, the component fields are recovered as the coefficients.
Using this superfield approach, Lagrangians that are manifestly invariant under
gauge symmetries and supersymmetry can be easily written down.
Two types of superfields are relevant for a low-energy supersymmetric the-
ory. The first one is the complex chiral superfield φˆ = (A, ψL, F ), containing
a complex left-handed Weyl-spinor ψL and two complex scalars A and F . The
auxiliary field F does not have a kinetic term and can therefore be eliminated
from the Lagrangian using the equations of motion. The other relevant superfield
is the real vector superfield Vˆ = (λL, V
µ, D), which in the Wess-Zumino gauge
contains a complex left-handed Weyl-spinor λL, a real massless vector field V
µ
and an auxiliary real scalar field D. The auxiliary D field can again be elimi-
nated by its equations of motion. In accordance with supersymmetry the chiral
and vector superfields both contain the same number of fermionic and bosonic
degrees of freedom. The gauge fields of a low energy supersymmetric theory can
be accommodated within vector superfields, whereas the matter fermions as well
as the Higgs particles fall into chiral superfields.
The elementary superfields can be combined to form new composite super-
fields. The product of any number of chiral superfields is again a chiral superfield.
Similarly, the product of a chiral superfield with its complex conjugate or the
product of several vector superfields is again a vector superfield. Furthermore,
by integrating a superfield over the anticommuting coordinates of superspace, an
expression transforming into a total derivative under supersymmetry transforma-
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tions is obtained. This yields an invariant action, if surface terms are neglected.
Thus, by using the basic gauge and matter superfields to construct composite
chiral and vector superfields and integrating out the anticommuting coordinates
of superspace, supersymmetric Lagrangians can be easily constructed. For a chi-
ral superfield the superspace integration extracts the F component field, while
the D component field is extracted from a vector superfield.
We will now shortly present all possible renormalizable supersymmetric terms
for a general non-abelian gauge theory in terms of superfields.
2.3.1 Gauge kinetic terms
In a non-supersymmetric gauge theory, the kinetic energy terms for the gauge
fields are given by Lgauge = −14F aµνF aµν , with the field strength tensor F aµν defined
in terms of the gauge field V aµ . This term does not only contain the kinetic terms
of gauge fields, but for a non-abelian gauge theory also the 3- and 4-gauge boson
self interactions.
The supersymmetric generalisation of the field strength tensor is the chiral
spinor superfield Wˆ α, which can be defined in terms of the gauge vector superfield







where [. . . ]F denotes the F -component of the chiral superfield in brackets. This
term includes the kinetic terms for the gauge boson, and the usual gauge boson
self interactions known from the non-supersymmetric theory. It also includes the
kinetic term for the Majorana gaugino. In addition to these, it contains a gaugino
gauge-boson interaction, in component fields given by




¯˜V aγµV˜ bV cµ , (2.9)
where V˜ a denotes the 4-component Majorana spinor of the gaugino. This inter-
action does not appear for a U(1) gauge group, because the structure constants
fabc vanish in this case.
2.3.2 Matter kinetic terms
In an ordinary gauge theory the interactions of the fermionic and scalar matter
fields with the gauge fields are governed by gauge invariance. To ensure gauge
invariance the ordinary space-time derivatives in the kinetic terms of matter fields
have to be replaced by gauge covariant derivatives. This uniquely determines the
gauge matter interactions.
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The supersymmetric generalisation of such a gauge covariant kinetic term for












where the subscript D stands for the extraction of the D-component. Further-
more, we have defined Vˆ = T aVˆ a, with the generators of the gauge group in the
representation of the matter superfield φˆ denoted by T a. The expansion of the
exponential does only generate terms at most quadratic in the vector superfield,
since Vˆ 3 = 0 in the Wess-Zumino gauge. The first term on the r.h.s. yields
the purely kinetic terms of the matter fields. The interactions of matter fields
with the gauge supermultiplet are contained in the last two terms. These do of
course include the interactions between gauge bosons and fermionic as well as
scalar matter fields required by gauge invariance. Additionally, these also yield a
gaugino-fermion-sfermion interaction of the form










where ψ and A are the fermionic and bosonic component fields of the matter
superfield φˆ, and PR,L =
1
2
(1 ± γ5) are the chiral projection operators. This
interaction term is not required by gauge invariance, but is necessary to render
the Lagrangian invariant under supersymmetry.
2.3.3 Matter self interactions
The kinetic terms of the Lagrangian shown so far are completely fixed by the re-
quirements of gauge invariance and supersymmetry once the particle content and
the gauge group have been chosen, and the matter supermultiplets have been
assigned to representations of the gauge group. The only freedom in the con-
struction of the Lagrangian remains in the choice of the so-called superpotential
W (φˆi), which is a chiral superfield. It is a polynomial in the chiral matter super-
fields of the theory and determines their self-interactions. If renormalizability is
imposed the superpotential can be at most cubic in the matter superfields, and
can be written as
W (φˆi) = mijφˆiφˆj + λijkφˆiφˆjφˆk. (2.12)
The linear term has been omitted here, since it can be absorbed by a redefinition
of the superfields. The mass matrix mij and the dimensionless couplings λijk
can be chosen arbitrarily under the restriction that the superpotential has to be







It contains mass terms for the matter fields as well as Yukawa-type interactions.
In a supersymmetric extension of the Standard Model the Higgs Yukawa terms
giving masses to the fermions via the Higgs mechanism are contained in this term.
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2.3.4 D-terms and F -terms
The terms given above yield the most general Lagrangian of a renormalizable
supersymmetric gauge theory. However, if the Lagrangian is written down in
terms of the component fields, it still contains the auxiliary F and D fields of
the chiral and vector superfields. The elimination of these auxiliary fields using
the equations of motion leads to self interactions among the scalar fields, that we
will now discuss.
The D-terms of the component field Lagrangian originate from the kinetic







where Ai is the scalar field component of the chiral superfield φˆ. A summation
over all matter supermultiplets is performed implicitly in the last term. The
equation of motions for Da are very simple
Da = −gA∗iT aijAj, (2.15)





where Da is given by (2.15). It gives rise to interactions among 4 scalar particles.
The F -terms arise from the kinetic terms of the matter supermultiplets and
the superpotential. They can be written as







with the auxiliary component of the matter superfield φˆ denoted by Fi. The
derivative of the superpotential appearing above is defined by first substituting
the Ai fields for the φˆ superfields in W (φˆ) and then calculating the derivative.
The equations of motion for Fi are again trivial









After substituting them back into (2.17) the F -term contribution to the La-
grangian is given by
LF = −F ∗i Fi, (2.19)
with Fi given by (2.18). This contribution contains the mass terms for the scalar





The minimal supersymmetric extension of the Standard Model (MSSM) [10, 11,
12] is obtained by taking the Standard Model as a starting point and then adding
the corresponding superpartners of all particles. In addition to these the model
contains two Higgs doublets with opposite hypercharge. This is the minimal
structure of the Higgs sector in a supersymmetric theory, because the superpo-
tential must not contain complex conjugate superfields, making it impossible to
generate masses for up-type and down-type fermions with only one Higgs doublet.
Furthermore, the anomalies from the fermionic superpartners of the Higgs scalars
only cancel with two Higgs doublets. The MSSM therefore contains 5 physical
Higgs bosons after electroweak symmetry breaking. The resulting particle con-
tent of the MSSM is shown in Tabs. 3.1 and 3.2. Superpartners of Standard
Model particles are denoted by a tilde. The names of the fermionic superpart-
ners are obtained by appending -ino to the name of the boson, while the scalar
superpartners of fermions receive a prefix s- before the fermion name. Thus the
superpartners of the gauge bosons (gluon, W a and B) are called gauginos (gluino,
Wino and Bino), and the fermionic partners of the Higgs scalars are called Hig-
gsinos. The scalar superpartners of the leptons and quarks are the sleptons and
squarks1. The Tabs. 3.1 and 3.2 list the interaction eigenstates, and states with
the same SU(3) × U(1)em quantum numbers can mix to form mass eigenstates.
For example, the charged Winos and higgsinos mix to form the charginos χ˜±i
(i = 1, 2), while the neutral Wino, the Bino and the neutral higgsinos mix to
form the neutralinos χ˜0i (i = 1, . . . , 4).
1Sfermions, i.e. sleptons and squarks, carry an index L or R, which denotes the chirality
of their fermionic superpartner. As spin 0 particles they do not possess a chirality, but are
nevertheless usually called left-handed or right-handed sfermions.
15
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Superfield Spin 1 Bosons Spin 1
2
Fermions SU(3)C SU(2)L U(1)Y
Gˆ g g˜ 8 1 0
Wˆ a W a W˜ a 1 3 0
Bˆ B B˜ 1 1 0
Table 3.1: Particle content of the MSSM, vector supermultiplets.
Superfield Spin 0 Bosons Spin 1
2
Fermions SU(3)C SU(2)L U(1)Y
Lˆ L˜ = (ν˜L, e˜L) (νL, eL) 1 2 −12
Eˆ E˜ = e˜∗R e
c
L 1 1 1
Qˆ Q˜ = (u˜L, d˜L) (uL, dL) 3 2 1/6
Uˆ U˜ = u˜∗R u
c
L 3¯ 1 −2/3
Dˆ D˜ = d˜∗R d
c


















2 )L 1 2
1
2
Table 3.2: Particle content of the MSSM, matter supermultiplets. Charge conju-
gate fermion fields are denoted by f c.
Given the particle content, the Lagrangian of the MSSM can now be con-
structed as described in Section 2.3. The generalised gauge covariant kinetic
terms for the gauge fields, the matter and the Higgs multiplets are completely
fixed by requiring gauge and supersymmetry invariance. This leaves only the
superpotential to be chosen.
3.2 R parity
The most general superpotential for the MSSM respecting gauge invariance is
given by










jDˆ − htHˆ i2QˆjUˆ − µHˆ i1Hˆj2
]
(3.2)







Here ij = −ji (with 12 = +1) contracts the SU(2) indices i and j, the Yukawa
couplings hτ , hb and ht are 3× 3 matrices in generation space and µ is the Higgs
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superfield mass parameter. The first part, WR, contains the Yukawa interactions
that give masses to fermions via the Higgs mechanism. Since the superpotential
must not contain complex conjugate superfields, the second Higgs doublet Hˆ2 is
needed to give masses to up-type quarks.
However, the interactions of the second part, W 6R, violate baryon number (B)
or lepton number (L) at tree level
LˆLˆEˆ, LˆQˆDˆ, LˆHˆ ∆L 6= 0,
UˆDˆDˆ ∆B 6= 0. (3.4)
Whereas gauge symmetry alone has been enough to forbid B or L violating terms
of mass dimension 4 or less in the Standard Model, this not the case anymore
in the MSSM. These interactions can mediate fast proton decay at tree level,
if λ2 and λ3 are both nonzero. Since proton decay has not been observed, the
product λ2λ3 has to be extremely small. Less severe but nevertheless significant
constraints on different combinations of the R-parity violating couplings come
from other processes [26]. Settings these couplings to values small enough to evade
the experimental bounds is in principle possible, but is considered unsatisfactory
and a discrete symmetry is invoked instead to forbid the interactions in W 6R.
This discrete Z2 symmetry is called R-parity [27], and can be defined as
R = (−1)3(B−L)+2S (3.5)
for a particle of spin S, baryon number B and lepton number L. All Standard
Model particle have R = +1, whereas their supersymmetric partners have R =
−1. As a consequence supersymmetric particles can only be produced in pairs in
a collider experiment and the lightest supersymmetric particle (LSP) is stable.
For cosmological reasons the LSP must also be colour and charge neutral and thus
interacts only weakly with ordinary particles. It will therefore escape undetected
in experiments giving rise to the missing energy signature of supersymmetric
particles. The LSP is also a good candidate for cold dark matter [28].
3.3 Soft supersymmetry breaking
In the model constructed so far supersymmetry is still an exact symmetry, though
it has to be broken in nature as was argued above. Since spontaneous symmetry
breaking is very attractive, one could try to construct a mechanism that breaks
supersymmetry spontaneously inside the MSSM. This has been attempted in the
past without success. The main problems in this scheme are mass sum rules which
require at least some of the superpartners in a supermultiplet to be lighter than
their Standard Model counterparts. Since this is phenomenologically unaccept-
able one now believes that there is an additional sector in which supersymmetry
is broken spontaneously. This sector does not directly couple to the Standard
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Model particles and is therefore hidden. The supersymmetry breaking is commu-
nicated to the MSSM by common interactions shared by both sectors, giving rise
to effective supersymmetry breaking terms at the electroweak scale. Models have
been successfully constructed in which supersymmetry breaking is communicated
to the MSSM by gravitational interactions [11] or by new gauge forces [29].
For phenomenological purposes one can adopt the point of view that effective
supersymmetry breaking terms at the electroweak scale are generated by some
unknown breaking mechanism and simply include all supersymmetry breaking
terms compatible with renormalizability, gauge symmetry and R-parity. But if
broken supersymmetry is still to solve the hierarchy problem, only terms which
do not reintroduce quadratic divergences can be allowed. These so-called soft
breaking terms are [30]
• gaugino mass terms,
• mass terms for all scalar particles, including scalar superpartners of Stan-
dard Model fermions as well as the Higgs scalars,
• trilinear interactions among scalar particles.
These breaking terms supply masses for all superpartner particles, which can
therefore become arbitrarily heavy, evading experimental mass bounds. It is im-
portant to note that the equality of gauge couplings and supersymmetric Yukawa
couplings is still maintained in softly broken supersymmetry. This is of course
necessary because it ensures the cancellation of quadratic divergences.
3.4 Supersymmetric QCD
For the calculation of squark and gluino production processes only the super-
symmetric QCD sector of the MSSM is needed besides the Standard Model.
Supersymmetric QCD contains gluinos (g˜) and squarks (q˜L,q˜R) in addition to
the quarks (q) and gluons (g) of usual QCD. The superpartner of the gluon, the
gluino, is a Majorana fermion transforming according to the the adjoint repre-
sentation of SU(3). The superpartners of the left- and right-handed quarks, the
L- and R-squarks, are scalar particles forming a fundamental representation of
SU(3).
The soft supersymmetry breaking terms can in principle lead to mixing of L-
and R-squarks as well as to mixing between squarks of different flavours. We will
assume that there is no flavour mixing in the following. Since the non-diagonal
terms in the L/R squark mass matrix are proportional to the corresponding
quark mass, mixing can be ignored for the five light-flavour squarks, i.e. the
superpartners of the five light quarks. Only for stops L/R-mixing is relevant.
But since in this calculation stops do only occur inside loops we neglect L/R-
mixing also for stops. Besides neglecting squark mixing, we also assume all
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squarks including the stops to be mass degenerate. In the quark sector, we treat
the five light flavours as massless, only the top quark mass is non-zero, with
mt = 175 GeV.
With these assumptions, the complete Lagrangian for SUSY QCD including
the gauge fixing and ghost part is given by [12]




















j q˜i∗L + q¯
iPRg˜aq˜
j
L − ¯˜gaPRqj q˜i∗R − q¯iPLg˜aq˜jR
)




LFP = (∂µc¯a)Dabµ cb, (3.6)
with the gluon field strength tensor defined by
Gaµν = ∂µG
a
ν − ∂νGaν − g3fabcGbµGcν. (3.7)
The gauge covariant derivatives in the fundamental and the adjoint representation
are given by








with the generators of SU(3) in the adjoint representation defined by (T a)bc =
−if abc. Finally, Da is the auxiliary component of the gluon vector superfield.







aQ˜g − U˜gT a∗U˜g − D˜gT a∗D˜g
)
, (3.9)
where a sum over all three generations is included using the index g, and the
quark fields are written in the notation of Tab. 3.2.
In the Lagrangian given above we have denoted the strong coupling constant
with g3, the supersymmetric Yukawa coupling with gˆ3, and the four-squark cou-
pling with gˆ′3. These three couplings are numerically equal, and the reason to
distinguish between them will be explained in the next section.
We will use the Feynman gauge, i.e. ξ = 1, in our calculation. The effects of
soft supersymmetry breaking are accounted for in the Lagrangian by the explicit
gluino mass term, and different quark and squark masses. Trilinear scalar inter-
actions of coloured particles do not appear, because they are forbidden by gauge
invariance.
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The interactions of the SUSY QCD particles with photons and Z0’s can be
determined by including the electroweak gauge fields in the covariant derivatives.
The corresponding terms in the Lagrangian are given by
LSQCD-EW = Lqq¯γ + Lqq¯Z + Lq˜q˜V + Lq˜q˜gV
Lqq¯γ = −eQqAµq¯γµq























∂µ q˜i − ieAµQq˜ q˜∗i
↔
∂µ q˜i












where sw = sin θW , cw = cos θW , T
q˜
3 = ±12 for L-squarks, and T q˜3 = 0 for R-
squarks, and the charge Q is given in units of the positron charge e. The unusual
q˜ ¯˜qgV interaction for V = γ, Z0 appears as a consequence of gauge invariance,
since squarks transform nontrivially under both SU(3) and SU(2) × U(1). The
full set of Feynman rules for supersymmetric QCD is given in Appendix A.
3.5 Gauge and Yukawa couplings
We will now discuss gauge and supersymmetry invariance of the SUSY-QCD
Lagrangian and the related issue of gauge and Yukawa couplings. Apart from
the ghost and gauge fixing parts, the Lagrangian presented in the previous section
is invariant under infinitesimal SU(3) gauge transformations, given by





δq = iθaT aq
δq˜ = iθaT aq˜
δg˜a = iθb(T b)acg˜
c = −f abcθbg˜c, (3.11)
and parameterised by the space-time dependent functions θa(x). The kinetic
terms of the coloured particles are written in a manifestly gauge invariant way
by using the gluon field strength tensor Gaµν and the gauge covariant derivatives
Dµ for the fundamental and D
ab
µ for the adjoint representation. Of course, gauge
invariance can only be achieved if the coupling constants appearing in the covari-
ant derivatives and the definition of the gluon field strength tensor are the same.
Gauge invariance thus fixes the qq¯g-, q˜ ¯˜qg-, and the g˜g˜g-couplings to be identical
to the 3-gluon coupling. Gauge invariance also fixes the strong coupling appear-
ing in the q˜q˜gV -interaction to the 3-gluon coupling, though this is not apparent,
because LSQCD-EW is not written in a manifestly gauge invariant way.



















Figure 3.1: Selected Feynman diagrams for processes involving the strong gauge
coupling g3 or the Yukawa coupling gˆ3. SU(3) couplings are explicitly shown at
vertices.
However, the couplings gˆ3 and gˆ
′
3 are not fixed by gauge invariance. The four
qq˜g˜ interaction terms are each separately gauge invariant, regardless of the value
of gˆ3. All four of these terms contain the same coupling gˆ3, because they are
mixed by C- and P -transformations, both conserved symmetries of the strong
interactions. The four-squark interaction term is also separately invariant under
gauge transformations. Thus, if the theory were non-supersymmetric, gˆ3 and gˆ
′
3
could be chosen arbitrarily without spoiling gauge invariance.
It is only the requirement of invariance under supersymmetry transformations
that ensures the relation
g3 = gˆ3 = gˆ
′
3, (3.12)
and therefore fixes the SUSY-Yukawa and the four-squark couplings. This can
easily be understood in the light of the discussion of Section 2.3. The gaugino-
fermion-sfermion interaction is obtained from the generalised kinetic terms of
the matter supermultiplets. Since the coupling g appearing in this term has to
be the gauge coupling to ensure gauge invariance, the gaugino-fermion-sfermion
interaction is also fixed. Essentially the same argument applies to the four-squark
interactions. The coupling relation (3.12) is also valid in the softly broken theory,
since it is vital for the cancellation of the quadratic divergences.
Of course, the supersymmetric coupling relations (3.12) hold not only for the
SU(3) coupling g3, but also for the SU(2) and U(1) couplings g2 and g1. Since
these coupling relations are genuine predictions of softly broken supersymmetry,
they have to be verified in order to establish supersymmetry experimentally.
For this verification e+e− colliders are an ideal tool, since they provide a
clean initial state allowing to perform high precision measurements. The testing
of the SU(2) and the U(1) SUSY coupling relations has been studied in [31] and
[32]. For testing the SU(3) coupling relation, the three processes involving the
gauge coupling g3 and the Yukawa coupling gˆ3 shown in Fig. 3.1 are relevant.
The SU(3) SUSY Yukawa coupling can be measured in the process e+e− → q ¯˜qg˜,
whose cross section is proportional to αˆs at tree level. Comparing this with the
gauge coupling measured in e+e− → qq¯g or e+e− → q˜ ¯˜qg, the supersymmetric
coupling relation (3.12) can be verified.
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Future e+e− colliders may be able to operate in the e−e− mode, allowing se-
lectron pairs to be produced through t-channel neutralino exchange in the process
e−e− → e˜−Re˜−R. This process contains the supersymmetric U(1) Yukawa coupling
at tree level, and may therefore be used to verify the corresponding supersym-
metric U(1) coupling relation [33].
Finally, e+e− colliders can operate as γγ colliders, with the photons produced
by backscattering of laser light. Production of squark-antisquark pairs is possible
at tree level with sizeable cross sections at such a machine. Gluinos can also
be produced, either in the loop induced process γγ → g˜g˜ or from quarks and
gluons at tree level if the photons resolve into a hadronic structure [34]. Since
these gluino production processes also contain the supersymmetric SU(3) Yukawa
coupling, a further possibility for the verification of the supersymmetric SU(3)
coupling relation arises here.
3.6 Experimental searches
Experimental searches of supersymmetric particles have been performed in a
variety of different channels at lepton and hadron colliders, without finding any
of these particles so far. It has therefore been possible to set lower limits on
the masses of the supersymmetric particles [35]. The lower mass bounds for
neutralinos and charginos lie in the region 30 GeV to 100 GeV, depending on
the particle considered and the specific model assumptions used in the analysis.
Limits for the slepton masses range between 70 GeV and 90 GeV.
In the QCD sector, the most stringent limits for squark and gluino masses
currently come from the Tevatron experiments D0 [36] and CDF [37, 38]. The
produced squarks and gluinos decay to charginos and neutralinos, which in turn
decay via a cascade to the lightest neutralino, assumed to be the LSP. Therefore
these analyses use the signatures of jets plus missing transverse energy (ET ) from
the undetected LSP, or jets plus multileptons plus missing ET . Furthermore, the
searches are performed within a supergravity inspired scenario, where all scalar
(squark and slepton) masses unify to the universal scalar mass m0 at the GUT
scale, while all gaugino masses unify to m1/2. Since the gluino mass in such a
scenario cannot be much larger than the squark mass, there are no limits in this
region of parameter space. The results are given in Fig. 3.2 as exclusion contours
in the mq˜-mg˜ plane.
It is also possible to obtain limits on the squark masses from the upper limit on
the invisible Z0 decay width [39]. Although these limits are significantly weaker
than the Tevatron limits, they are largely independent of model assumptions,
and specifically do not depend on the squark decay pattern. The resulting mass
bounds are about 35 GeV – 40 GeV [35].
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Figure 3.2: CDF limits for squark and gluino masses from direct searches [38].
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Chapter 4
Squark and gluino production at
leading order
In this chapter we will review the production of squarks and gluinos in e+e− colli-
sions at tree level, and discuss how these processes can be used to test the super-
symmetric coupling relation for the strong coupling constant g3. Furthermore, we
present leading order numerical results. Several different processes are relevant
for this, depending on the parameters and the available centre-of-mass energy.
In all of these, we only consider squarks of the 5 light flavours f = u, d, s, c, b.
Since we take the corresponding quarks as massless, L/R-mixing of squarks can
be neglected.
4.1 Processes
4.1.1 e+e− → q˜ ¯˜q
Squarks can be produced in pairs at e+e− colliders through the exchange of virtual
photons and Z0-bosons in the s-channel. The total cross section for this process
is given by



















2)(cqV ± cqA)2χ2Z − 2QqceV (cqV ± cqA)χZ , (4.2)
with χZ = s/(s − m2Z). The quark charge Qq is given in units of the positron
charge e, and cfV , c
f
A are the vector- and axial-vector couplings of a fermion f to
the Z0, given explicitly by
cfV =
T f3 − 2Qf sin2 θW
2 sin θW cos θW
cfA =
T f3
2 sin θW cos θW
. (4.3)
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Figure 4.1: Feynman diagrams for e+e− → q˜ ¯˜qg.
Note that the vector- and axial-vector couplings of the quark corresponding to the
produced squarks appear in (4.2). Furthermore, the decay width of the Z0 has
been neglected in the propagator, so that this formula is only valid sufficiently far
away from the Z0 resonance. Given the experimental mass bounds for squarks and
gluinos, this approximation is clearly justified, and will be made for all processes
discussed here. This process is the main production mechanism for squarks at
e+e− colliders with cross sections up to several 100 fb in the energy range of next
generation linear colliders.
The SUSY-QCD radiative corrections to this process have been calculated
in [40], including the effects of L/R squark mixing. These corrections typically
enhance the leading order cross section by about 15 − 20%, with the main part
coming from the standard gluonic corrections.
4.1.2 e+e− → q˜ ¯˜qg
This process differs from the squark pair production of the preceding section only
by an additional gluon in the final state. Therefore, the differential cross section
diverges in the 2-jet region due to infrared singularities, and has to be included
in the NLO corrections to squark pair production in this region.
If restricted to the 3-jet region, this process can be viewed as an independent
one, and has been studied in [41]. The contributing Feynman diagrams are shown
in Fig. 4.1. They contain the gauge coupling g3, which can therefore be measured
using this process.
The particle momenta are given by
e+(p+) e
−(p−) → (γ∗, Z∗) → q˜h(p1) ¯˜qh(p2) g(p3). (4.4)
In the overall CMS, where qµ = (p++p−)µ = (
√
s,~0), we define the corresponding
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Since m1 = m2 = mq˜ and m3 = 0, we have x˜3 = x3, µ3 = 0 and µ ≡ µ1 = µ2 = 0.
The Dalitz plot density, i.e. the differential cross section with respect to the scaled
energies of the squark and the antisquark, is given by [41]

























with Ch1 from (4.2). The phase space integration of this density can be performed
analytically. Of course, the part of the 2-jet region of phase space containing the
infrared divergences has to be excluded, since this region contributes to the NLO
corrections to squark pair production. This can be done by imposing the cut
Eg ≥ Eg,cut (4.7)
on the gluon energy in the centre-of-mass system (CMS). This cut excludes the
infrared, but not the collinear 2-jet region, where the gluon is collinear to one
of the final state squarks. This is not a problem, because in this process there
are no associated collinear divergences. These can only occur if a gluon becomes
collinear to a massless particle. The total cross section using the cut (4.7) is given
by
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with β =
√














This process is suppressed with respect to the squark pair production by an
additional factor αs, but still yields cross sections of several 10 fb.
4.1.3 e+e− → q ¯˜qg˜
This is the leading order process for the production of gluinos at e+e− colliders
and includes the four subprocesses
e+(p+) e
−(p−) → (γ∗, Z∗) → q(p1) g˜(p2) ¯˜qL(p3) (4.10a)
e+(p+) e
−(p−) → (γ∗, Z∗) → q(p1) g˜(p2) ¯˜qR(p3) (4.10b)
e+(p+) e
−(p−) → (γ∗, Z∗) → q¯(p1) g˜(p2) q˜L(p3) (4.10c)
e+(p+) e
−(p−) → (γ∗, Z∗) → q¯(p1) g˜(p2) q˜R(p3), (4.10d)
which have first been studied in [41]. These four reactions are however not inde-
pendent, but are related by CP -invariance
M(e+(p+) e
−(p−) → q(p1) g˜(p2) ¯˜qL(p3))
= M(e−(p˜+) e
+(p˜−) → q¯(p˜1) g˜(p˜2) q˜L(p˜3))
CMS
= M(e+(p+) e
−(p−) → q¯(p˜1) g˜(p˜2) q˜L(p˜3))
M(e+(p+) e
−(p−) → q(p1) g˜(p2) ¯˜qR(p3))
= M(e−(p˜+) e+(p˜−) → q¯(p˜1) g˜(p˜2) q˜R(p˜3))
CMS
= M(e+(p+) e
−(p−) → q¯(p˜1) g˜(p˜2) q˜R(p˜3)), (4.11)
with p˜ = (p0,−~p), and therefore p˜± = p∓ in the CMS. This implies
dσ(e+e− → qg˜ ¯˜qh) = dσ(e+e− → q¯g˜q˜h) (4.12)
for the angle-integrated differential cross sections dσ. We will therefore consider
only the reactions (4.10a) and (4.10b) in the following.
At tree level two Feynman diagrams contribute to these processes, which
are shown in Fig. 4.2, where particle momenta and colour indices are given for
the external particles. Since the Feynman diagrams contain the qq˜g˜ interaction
vertex, they are proportional to the supersymmetric Yukawa coupling gˆ3, which
























Figure 4.2: Feynman diagrams for gluino production at tree level.
In order to fix the notation for the next-to-leading order calculation, we will
not only show the result, but also write down some intermediate steps. Since the
calculation of the total cross section in next-to-leading order is our goal, we will
not give the angular dependence of the differential cross section, which however
can be found in [41].














































(p1 + p2)2 −m2q˜
]
PR/Lv(p2). (4.15)




(1∓γ5) are the chiral projection operators. We define the scaled energies,
3-momenta, and masses in the overall CMS as in (4.5), and have m2 = mg˜,
m3 = mq˜, and since we use massless quarks µ1 = 0 and x˜1 = x1. Energy
conservation is expressed by the relation x1 + x2 + x3 = 2. The 3-particle phase
space can be written as











dΩ dφ dx1 dx3, (4.16)
30 CHAPTER 4. SQUARK AND GLUINO PRODUCTION AT LO
where the solid angle Ω and the azimuthal angle φ describe the orientation of the
final state. Due to the factorized form (4.13) of the matrix element, these angle





∣∣Mh0 ∣∣2 = 128pi3α3s Ch1PµνHh,µν0 , (4.17)
with the projector Pµν and the hadronic tensor H
h,µν
0 given by







and Ch1 from (4.2). Though the hadronic tensorH
h,µν
0 differs for L- and R-squarks,
the product PµνH
h,µν
0 does not. The reason is that the hadronic tensors for the
production of L- and R-squarks differ only by angular asymmetries, which how-
ever vanish after integration over the final state orientation. The only dependence
on the “chirality” of the squark is therefore contained in the prefactor Ch1 .
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, (4.19)




µ3 ≤ x3 ≤ 1 + µ3 − µ2
x1 ≶
1− x3 + µ3 − µ2







In the case mq˜ < mg˜, it is possible to perform the phase space integration analyt-
ically, leading to an expression involving dilogarithms. Since the result is rather
lengthy, we present it in Appendix B.
4.1.4 e+e− → qq¯g˜g˜
At tree level, gluinos can be produced in pairs only in conjunction with a qq¯-pair
in the process [42]
e+e− → (γ∗, Z∗) → qq¯g˜g˜. (4.21)
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Figure 4.3: Some Feynman diagrams for e+e− → qq¯g˜g˜. Initial state particles are
not shown.
Some of the contributing Feynman diagrams are shown in Fig. 4.3. This process
contains the gauge coupling g3 as well as the Yukawa coupling gˆ3. However, the
cross section is of O(α2α2s), and therefore suppressed by an additional factor αs
compared to the 3-jet processes of the preceding sections. It will therefore be
extremely difficult to observe this channel.
4.1.5 Squark and gluino decays
As we will see below, squark and gluino decays can also be relevant for verifying
the SUSY coupling relations. The partial decay widths for squarks decaying into
gluinos and vice versa are given by



















at tree level. Both decay widths contain the SUSY Yukawa coupling, or rather
the corresponding αˆs, making them relevant for the verification of the coupling
relations. The SUSY QCD radiative corrections to this decay widths have been
calculated in [43]. The inclusion of the NLO corrections enhances the squark
decay width by 10% to 30%, the gluino decay width changes by −10% to +10%.
There are several other decay channels, like e.g. q˜ → qγ˜ or g˜ → gγ˜, which
depend on parameters outside the QCD sector of the MSSM. These channels are
not directly relevant to our discussion below, but contribute of course to the total
decay widths.
4.2 Testing supersymmetric coupling relations
The processes discussed above can be used to test the supersymmetric coupling
relation for the strong coupling constant. Since different processes are relevant
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region centre-of-mass energy relevant final states
Ia 2mq˜ ≤
√
s ≤ mq˜ +mg˜ q˜ ¯˜q q˜ ¯˜qg
mq˜ < mg˜ Ib mq˜ +mg˜ ≤
√
s ≤ 2mg˜ q˜ ¯˜q q˜ ¯˜qg q¯˜qg˜
Ic 2mg˜ ≤
√
s q˜ ¯˜q q˜ ¯˜qg q¯˜qg˜ qq¯g˜g˜
IIa 2mg˜ ≤
√
s ≤ mq˜ +mg˜ qq¯g˜g˜
mq˜ > mg˜ IIb mq˜ +mg˜ ≤
√
s ≤ 2mq˜ q¯˜qg˜ qq¯g˜g˜
IIc 2mq˜ ≤
√
s q˜¯˜q q˜ ¯˜qg q ¯˜qg˜ qq¯g˜g˜
Table 4.1: Kinematically accessible processes at different c.m. energies for mq˜ <
mg˜ (case I) and mq˜ > mg˜ (case II). Processes are identified by final state particles.
Processes relevant for the measurement of the Yukawa coupling gˆ3 are shown in
boldface.
for different masses, we distinguish the two cases
I mq˜ < mg˜
II mq˜ > mg˜. (4.23)
The thresholds for squark and gluino pair production and associated squark-
gluino production subdivide each case in 3 regions, as shown in Tab. 4.1, where the
kinematically accessible processes for each region are given. The processes that
are most promising for a measurement of the supersymmetric Yukawa coupling
are shown in boldface.
If mq˜ < mg˜, the lowest threshold is the squark pair production threshold.
Above this threshold squark pair production and q˜ ¯˜qg-production are relevant
throughout all 3 regions. At
√
s = mq˜+mg˜ the squark-gluino threshold is crossed,
and q ¯˜qg˜-production becomes possible. In the regions Ib and Ic it is therefore pos-
sible to measure the SUSY-Yukawa coupling gˆ3 directly in q ¯˜qg˜-production, and
compare this to the gauge coupling measured in q˜ ¯˜qg-production, or alternatively
in the usual QCD 3-jet production with a qq¯g final state. In the region Ia below
the squark-gluino threshold the Yukawa coupling cannot be measured directly.
But since it enters the NLO corrections for q˜ ¯˜q- and q˜ ¯˜qg-production, it can be
constrained indirectly. Of course, this will not be as accurate as the direct mea-
surement possible in regions Ib and Ic. Region Ia can however be avoided in
principle by increasing the centre-of-mass energy, alleviating this problem. For√
s > 2mg˜ (region Ic) qq¯g˜g˜-production is also possible. The cross section is
however so small that this process is not relevant in practice.
If mq˜ > mg˜, the gluino pair production threshold is the lowest one. In the
region IIa directly above this threshold only qq¯g˜g˜-production is kinematically
accessible. The corresponding cross sections are however extremely small, making
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it very likely impossible to measure the SUSY Yukawa coupling in this region. In
region IIb, above the squark-gluino threshold, q ¯˜qg˜-production is possible, allowing
a direct measurement of gˆ3. Since the q˜ ¯˜qg-channel is not open in this case, the
gauge coupling g3 can only be measured in qq¯g-production. Above the squark pair
production threshold, the phase space for the q ¯˜qg˜-process contains a region where
two on-shell squarks may be produced, with one of them decaying via q˜ → qg˜
afterwards. This corresponds to the right Feynman diagram in Fig. 4.2. The q ¯˜qg˜-
production is therefore replaced by squark pair production in region IIc, though
q ¯˜qg˜-production in the region of phase space where the virtual squark is off-shell
can still be investigated by imposing suitable kinematical cuts. In addition, q˜ ¯˜qg
3-jet production is also relevant in this region. By investigating decays of the
final state squarks into gluinos, the Yukawa coupling can still be measured, since
Γ(q˜ → qg˜) is proportional to αˆs. This partial decay width can be obtained from
the measured values of the total decay width Γtot(q˜) and the branching fraction
BR(q˜ → qg˜). Since the threshold behaviour of the cross section for squark pair
production depends on the total squark decay width, a scan of this region can be
used not only to determine the squark mass, but also its total decay width. The
branching fractions can be determined from the investigation of different squark
decay channels. This allows the determination of the Yukawa coupling gˆ3, the
gauge coupling can be measured using either q˜ ¯˜qg- or qq¯g-production in the 3-jet
regime.
In order to allow a high precision comparison of the gauge and Yukawa cou-
plings, accurate theoretical predictions for the corresponding processes are nec-
essary. Since next-to-leading order QCD corrections are usually large, a NLO
calculation for these processes is needed. For the determination of the Yukawa
coupling from squark decays, the NLO corrections for the process e+e− → q˜ ¯˜q and
the partial squark decay widths are needed. These have already been calculated
in the past in [40, 43]. Therefore NLO calculations for the processes e+e− → q ¯˜qg˜
and e+e− → q˜ ¯˜qg remain to be done. The calculation of the NLO corrections
to the q ¯˜qg˜-production process is the aim of this thesis, while the q˜ ¯˜qg-process is
treated in a parallel work [44].
4.3 Leading order numerical results
Numerical results in leading order for the production processes discussed above
are shown in Fig. 4.4 for case I and in Fig. 4.5 for case II. In these results, we have
summed up the cross sections for the 5 light flavours, and for L- and R-squarks.
For associated squark-gluino production, the summation extends over the 4 final
states (4.10a)-(4.10d). Furthermore, we have used the scale dependent coupling
αs(µ) with one-loop running included, evaluated at the scale µ = mq˜ + mg˜.
For the process e+e− → q˜ ¯˜qg, we have used the cut Eg > 50 GeV for the gluon
energy in the CMS to exclude the part of the 2-jet region containing the infrared
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Figure 4.4: Leading order cross sections of squark and gluino production in e+e−-
collisions for case I (mg˜ > mq˜).
divergences.
For case I we have used the masses mg˜ = 600 GeV and mq˜ = 200 GeV, which
lie well outside the current CDF boundaries of Fig. 3.2. The dominant process
is squark pair production, with cross sections exceeding 100 fb in a wide range of√
s. The cross section for q˜ ¯˜qg 3-jet production is only moderately smaller, with
values of several 10 fb away from the kinematical threshold, which is increased
compared to the q˜ ¯˜q-production by the requirement of a minimal gluon energy of
50 GeV. Production of gluinos in the q ¯˜qg˜-channel becomes possible above
√
s =
750 GeV, but the cross section stays below 1 fb up to
√
s ≈ 1300 GeV. Above this
point, this process will probably be observable at future e+e− linear colliders with
sufficient energy, since these machines should reach luminosities in the range of
1000 fb−1y−1. For example, the design luminosity of the planned TESLA linear
collider is L = 1034cm−2s−1 at 800 GeV, which translates to L ≈ 1000 fb−1y−1
for an annual operation time of 5000 hours [45]. In this case, the best possibility
for the verification of the supersymmetric coupling relation therefore lies in the
measurement of gˆ3 in the q ¯˜qg˜-production process for sufficiently high c.m. energies
in region IIb/c.
The parameters we have chosen for case II are mg˜ = 200 GeV and mq˜ =
500 GeV. These lie just outside the CDF boundaries. The qq¯g˜g˜-production pro-
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Figure 4.5: Leading order cross sections of squark and gluino production in e+e−-
collisions for case II (mg˜ < mq˜).
cess is not shown, because the cross sections are only of the order 10−4 fb. This
process is therefore clearly not relevant. In region IIb only q ¯˜qg˜ production is
possible, however the cross section exceeds 1 fb only near the squark pair produc-
tion threshold. It could therefore be difficult to observe the process in this case,
even with the high luminosities of future e+e− linear colliders. Above the squark
pair production threshold q˜ ¯˜q- and q˜ ¯˜qg-production are possible, albeit the cross
sections are somewhat smaller than in case I. Therefore, the measurement of gˆ3
in squark decays in region IIc is the most promising possibility for the verification
of the supersymmetric coupling relation in this case.




5.1 Outline of the calculation
In this chapter the complete calculation of the total cross section for the process
e+e− → q ¯˜qg˜ at next-to-leading order in the strong coupling constant αs is pre-
sented. To obtain the NLO cross section, the effects of virtual particles in loops
as well as the emission of real gluons have to be taken into account.
The loop diagrams of the virtual corrections contain momentum integrals,
which may diverge due to contributions from large loop momenta (ultraviolet-
or UV-divergence) or from loop momenta that are small or collinear to another
momentum (infrared- or IR-divergence). Though these divergences cancel in the
final result as explained below, it is necessary to introduce a regularization pre-
scription in order to manipulate the divergent integrals during intermediate steps
of the calculation. Within such a regularization scheme the divergent integrals
are written as diverging limits. Only after the cancellation of all divergences
in the final result the limit can be taken, thereby removing the regularization.
For our calculation dimensional regularization [46] is used, where all momentum
integrals, i.e. loop momentum and phase space integrals, are performed in D
space-time dimensions, where D is being treated as a complex parameter. The
UV and IR divergences do then appear as poles at D = 4 in the complex D plane.
As will be explained in detail later, special care has to be taken if dimensional
regularization is used within a supersymmetric theory.
The appearance of UV divergences in the virtual corrections is related to
the fact that the masses and couplings in the Lagrangian are not directly mea-
surable quantities. Of course, any observable can be calculated in terms of the
parameters, but these relations receive UV divergent radiative corrections. The
relations between different observables are however finite to all orders of pertur-
bation theory in a renormalizable theory, thus allowing meaningful predictions.
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This implies that the parameters can be viewed as UV divergent, but unobserv-
able, quantities, such that the divergences in the parameters cancel the ones
arising in the loop corrections, leading to finite results. One could now calculate
observables in terms of a set of others used as input parameters, by first calcu-
lating all observables as functions of the parameters, use some of this relations to
determine the parameters from the set of chosen observables, and finally insert
these expressions for the parameters in the remaining relations. However this is
rather cumbersome in a practical calculation, and so we will use the counterterm
approach instead. Here the parameters are split into a renormalized part and a
renormalization constant, such that predictions for observables in terms of renor-
malized quantities are UV finite. The renormalized parameters are finite, while
the renormalization constants are UV divergent. There is a remaining freedom
of finite redefinitions of the renormalized parameters, which is fixed by imposing
a set of renormalization conditions, called a renormalization scheme. The split-
ting of parameters also implies a division of the Lagrangian into a renormalized
part, having the same form as the original Lagrangian, but expressed by renor-
malized quantities, and a counterterm part. The counterterm part contains the
UV divergent renormalization constants and can be treated as an interaction in
perturbation theory, giving rise to additional Feynman diagrams, which cancel
the UV divergences of the loop diagrams. Though renormalizing the parameters
of the theory is sufficient to obtain finite S-matrix elements, the Green functions
are still UV divergent. In order to get finite Green functions, it is necessary to
renormalize also the fields themselves. After the renormalization procedure there
still remain IR divergences in the virtual corrections.
However, the IR divergences cancel in the incoherent sum over all indistin-
guishable final states, as was shown in the Bloch-Nordsieck [47] and Kinoshita-
Lee-Nauenberg [48] theorems. A final state which contains additional soft gluons
with arbitrarily small energies cannot be distinguished from the final state with-
out these gluons, due to the finite energy resolution of any real detector. Similarly,
if two final state particles become collinear, they cannot be resolved due to the
limited angle resolution, thus appearing as only one particle with the combined
momentum. This means that any observable has to be insensitive to the num-
ber of soft and collinear particles in the final state, and therefore has to include
the effects of the emission of additional soft and collinear particles. The total
cross section that we calculate is such an infrared- and collinear-safe observable.
The matrix elements for the additional processes have singularities in the soft
and collinear limits, which result in IR divergences after integration over the soft
and collinear regions of phase space. These divergences exactly cancel the IR
divergences from the virtual corrections, leading to a completely finite result, as
required by the Bloch-Nordsieck and Kinoshita-Lee-Nauenberg theorems.
In our calculation we have to include the effects of real gluon emission from
the process
e+e− → q ¯˜qg˜g. (5.1)
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The matrix element for this process has singularities if the gluon is soft or is
collinear to the quark. Soft and collinear divergences will arise from the phase
space integration over the corresponding regions, and cancel the divergences of
the virtual corrections.
Of course, the cancellation of the IR divergences has to be implemented an-
alytically. In practice, it is however impossible to perform the phase space inte-
gration for the process (5.1) over the full 4-particle phase space analytically. We
therefore use the phase space slicing method [49] extended to incorporate mas-
sive particles to extract the divergences from the real corrections. In this method
the phase space is separated into a soft, a collinear, and a remaining hard part
using a dimensionless parameter xcut  1. Only in the soft and collinear parts
the matrix element contains singularities, whereas it is completely regular in the
hard phase space. The integration over the hard phase space can therefore be
done numerically in D = 4 dimensions. In the soft and collinear regions the
matrix element approximately factorizes into the tree level matrix element M0
and a factor containing the singularities. This singular factor is universal, and
has a very simple form. The phase space in these regions can also be factorized
into the leading order 3-particle phase space and a soft/collinear phase space fac-
tor, making it possible to perform the phase space integration over the soft and
collinear regions analytically within dimensional regularization. However, the
soft and collinear approximations of the matrix element and the corresponding
phase space introduce O(xcut) errors, so that the limit xcut → 0 has to be taken
numerically. Since numerical cancellations between the contributions from the
hard phase space and the soft and collinear phase space grow as xcut → 0, the
value of xcut has to be chosen carefully.
The structure of the calculation of the NLO corrections σ2 to the total cross



















where dσV2 and dσ
R
2 are the differential cross sections for the virtual and the real
corrections, dΦn is the n-particle phase space measure, and the factorized form
of the 4-particle phase space in the soft and collinear regions has been written as
dΦ4 = dΦ3dΦ
sc
1 . In this equation all IR divergences are contained in the two terms
in the brackets, and only the dΦsc1 integration has to be performed analytically
in D dimensions. These divergences cancel each other, and the dΦ3 and dΦ4
integrations are performed numerically in 4 dimensions. For these numerical
integrations we use the VEGAS algorithm for adaptive Monte Carlo integration
[50].
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5.2 Virtual corrections
5.2.1 Feynman diagrams
We will first describe the calculation of the virtual corrections. The loop diagrams
contribute to the total cross section through their interference with the Born
matrix element. The differential cross section for this contribution can be written
as
dσV2 (e
+e− → q ¯˜qg˜) = 1
8s

















where M1 is the NLO matrix element for q ¯˜qg˜-production.
The diagrams contributing to M1 are shown in Fig. 5.1. They are given in
terms of one-particle irreducible (1PI) vertex functions, represented by circles.
Apart from the self energy corrections, vertex corrections to 3- and 4-particle
interactions have to be calculated, leading to 3- and 4-point loop integrals. Some
diagrams contributing to the squark self energy, the qq˜g˜-vertex, and the Z0qq˜g˜-
vertex are shown in Fig. 5.2. The first diagram of Fig. 5.1 contains the effective
Z0g˜g˜ interaction, which does not exist at tree level. The Z0g˜g˜ vertex corrections
are therefore completely UV and IR finite. The other diagrams include UV
divergent contributions, and some of them are also IR divergent.
Unlike at tree level, the NLO matrix element M1 does not factorize completely
























where the index L/R corresponds to the production of L/R-squarks. In this
expression contributions from diagram 1 are solely contained in the H˜1 term,
while all other diagrams contribute only to the H1 term. Since the flavour of the
quarks/squarks in the loop diagrams of the Z0g˜g˜ vertex corrections is not related
to the flavour of the external quark/squark, this vertex correction includes a sum
over all quark flavours q′. However, the flavour sum has to be extended only over
q′ = t, b, because we treat the first two generations of quarks as massless, and
the H˜1 contributions from an up-type quark and a mass degenerate down-type
quark cancel each other.
The integration of the differential cross section (5.3) over the final state ori-
entation can be done in analogy to the tree level case, resulting in the Dalitz plot
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Figure 5.1: Virtual Feynman diagrams contributing to gluino production at NLO.
White circles denote renormalized 1PI vertex functions.




Figure 5.2: Example diagrams contribution to some 1PI vertex functions. Not
all contributing diagrams are shown.











































[−QqceV χZ + (ceV 2 + ceA2)(cqV ± cqA)χ2Z] , (5.6)
where the index q refers to the flavour of the external quark/squark, and Ch1 and







1 (mq′) for the production of L/R-squarks
only differ by terms asymmetric in the angles, which of course vanish in the Dalitz









independent of h. All dependence on the squark “chirality” in (5.5) is therefore
given by the factors Ch1 and C
h
2 .
If mq˜ < mg˜ and
√
s ≥ 2mg˜ (region Ic in Tab. 4.1), gluino pair production
is kinematically allowed, and gluinos may decay into squarks. In this case, the
phase space contains a region where the virtual gluino in the first diagram of
Fig. 5.1 is on-shell. The relevant phase space region for gluino pair production
could in principle be excluded by imposing suitable cuts. Since the contribution
from this diagram turns out to be at least 3 orders of magnitude smaller than
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the rest of the NLO contributions taken together, we have not followed this
approach. Instead, we explicitly introduce a gluino decay width given by (4.22)
in the relevant propagator, thus regularizing the phase space integrations.
5.2.2 Loop integrals
Evaluating the matrix element M1 using the Feynman rules leads to expressions
involving loop momentum integrals. These expressions contain the loop mo-
mentum in propagator factors in the denominator, and contracted with Dirac
matrices or external momenta or as Lorentz vector in the numerator. These loop
integrals can be written in terms of a set of standard scalar and tensor integrals.
Apart from propagator denominators they may also include loop momenta in the
numerator. Since the loop integrals can contain divergences, it is necessary to
specify a regularization scheme at this point. As already mentioned above, we
use dimensional regularization [46]. The integrals are performed in D = 4 − 2
space-time dimensions, and the UV and IR divergences manifest themselves as
poles at  = 0. A fully anticommuting γ5 is used for this calculation, which is
possible at one-loop level in anomaly free theories. Within this regularization











with the propagator factors given by
D0 = k
2 −m21 + i
Di = (k + pi)
2 −m2i+1 + i i = 1 . . . 3. (5.8)
The mass scale µ is an arbitrary scale appearing in dimensional regularization.
It is introduced by the substitution g3 → µ2−D/2g3 in order to keep the coupling
constant dimensionless in D space-time dimensions. D0 is the scalar 4-point
integral, the other integrals are called tensor integrals. The one-, two-, and
three-point integrals are defined analogously and are denoted by A, B, and C.
The tensor integrals can be further decomposed according to their tensor
structure into symmetric basis tensors constructed from the external momenta
pi, and the metric gµν. For the 4-point tensor integrals of rank 1 and 2 this
decomposition reads
Dµ = p1µD2 + p2µD2 + p3µD3




and tensor integrals of higher rank or different number of external particles are
defined in a similar manner. The coefficient functions are Lorentz scalars and
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depend only on the invariants constructed from the external momenta. They are
totally symmetric in their indices, due to the symmetry of the tensor integrals
themselves. These tensor coefficients can be algebraically reduced to linear com-
binations of scalar integrals, using the Passarino-Veltman reduction procedure
[51]. We have implemented this tensor reduction procedure in the FORM [52]
computer algebra language. Though the tensor reduction can result in large ex-
pressions especially in the case of the 4-point integrals, its advantage is that only
scalar integrals have to be evaluated.
Among these scalar integrals, the one- and two-point integrals are the only
ones possessing UV divergences, as can be seen using power counting arguments.
IR divergences can only be contained in the derivatives of the two-point integrals,
and in the three- and higher n-point integrals.
For the process considered here, we have to calculate IR divergent 3- and 4-
point integrals. We have however not calculated the IR divergent 4-point integrals
in D = 4−2 dimensions directly, but have rewritten them in terms of the 4-point









This is possible, because D60 is directly related to the tensor coefficient D00 [53]
D00 = − 1
2pi
D60. (5.11)
The equations from the tensor reduction can be used to express any D0 as a linear
combination of the corresponding D00 and several C0’s. The tensor coefficient
D00 can be replaced by D
6
0 using (5.11). This substitution is useful because
D60 is IR finite, and all IR divergences contained in the 4-point integrals have
therefore been moved to the simpler 3-point integrals. The IR divergences of the
complete virtual corrections are all contained in scalar three-point integrals and
derivatives of two-point integrals. This leads to a considerable simplification of
the coefficients of the scalar integrals in the result. It also makes the extraction
of the IR divergent part of the virtual corrections easy.
We have calculated the necessary six-dimensional box integrals using Feynman
parameterisations with similar methods as for the four-dimensional box integrals.
However, in one case it was easier to subtract the divergent three-point integrals
from the D0 in D dimensions, and calculate the remaining finite integral in D = 4
dimensions. Thus we have moved all IR divergences from the four-point integrals
to the scalar three-point integrals. The results for this integrals are shown ex-
plicitly in Appendix C. There we also give the results for the other UV and IR
divergent integrals.
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5.2.3 Regularization and supersymmetry
Dimensional regularization (DREG) [46] is a very convenient regularization sche-
me for gauge theories like the Standard Model, because it respects all gauge
symmetries and therefore all gauge Ward identities. Furthermore it regulates
ultraviolet as well as infrared singularities. The Ward identities of supersymmetry
however depend on the fact that there is an equal number of fermionic and bosonic
degrees of freedom in every supermultiplet. In dimensional regularization all 4-
vectors including the vector fields are continued to D space-time dimensions, so
that the massless gauge fields now have D−2 physical degrees of freedom. On the
other hand, Majorana spinor fields and therefore the gauginos still have 2 physical
degrees of freedom. This mismatch of the degrees of freedom is the reason that
dimensional regularization breaks supersymmetry and the supersymmetric Ward
identities are violated in this scheme.
As a remedy, a modified scheme called dimensional reduction (DRED) has
been proposed [54]. As in dimensional regularization, the momenta are continued
to D dimensions, but the vector fields remain 4-dimensional. Since the gauge
bosons and the associated gauginos now both have 2 physical degrees of freedom,
dimensional reduction respects supersymmetry, and fulfils the supersymmetric
Ward identities. However DRED is mathematically inconsistent [55], though it
can be argued that these inconsistencies do not show up in a one-loop calculation
[56]. In addition, there are problems with mass factorization [57], though these
are also not relevant for our calculation.
For practical reasons we use another possible solution. Within this approach
DREG is still used, but the Ward identities are restored by introducing additional
counterterms. These counterterms can be uniquely determined by requiring the
renormalized Green functions to obey all Ward identities. It is possible to extend
this scheme to all orders, by introducing additional counterterms and fixing them
by imposing the Ward identities order by order. The only violated Ward identity
relevant for our calculation is the one expressing the equality of the qq˜g˜-Yukawa
coupling and the gauge coupling. All other couplings appearing at tree level
in our calculation are fixed by gauge symmetry, which is respected by DREG.
Therefore an additional counterterm has to be introduced only for the qq˜g˜ Yukawa
interaction. If the strong coupling appearing in the qq˜g˜ Yukawa interaction is




















Here CA = 3 and CF = 4/3 are the Casimir invariants of SU(3). This relation has
first been established in [58] by comparing the β-functions in DREG and DRED,
and later in [43] by a direct comparison of the loop corrections to the qq¯g- and
the q ¯˜qg˜-vertices at small momentum transfer in the exact supersymmetric limit.
Recently this result has also been formally proven, including the uniqueness of
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the counterterm, using algebraic renormalization in the softly broken SUSY QCD
[59]. Of course DRED and modified DREG are equivalent and yield the same
results at 1-loop.
5.2.4 Renormalization
We now come to the renormalization of the SUSY QCD sector of the MSSM, and
specify the renormalization scheme used. The renormalization of the ghosts and
the massive top-quarks is not included, since we do not need it in this calculation.
In higher orders in perturbation theory the parameters of the original Lagrangian
(3.6) are interpreted as bare parameters, denoted with an index 0. They are split
into renormalized parameters and renormalization constants according to






g3,0 = g3 + δg3. (5.13)
An independent counterterm for the Yukawa coupling gˆ3 has not to be introduced,
since the supersymmetric Ward identities fix it in terms of the gauge coupling
g3. For the quarks of the five light flavours, which are considered massless for
our analysis, there is no mass renormalization constant. Similarly, the bare fields
are split into renormalized fields and wave function renormalization constants
according to
Φ0 = (1 + δZΦ)Φ. (5.14)
This induces a splitting of the bare Lagrangian into a renormalized and a coun-
terterm Lagrangian
L(m0, g3,0,Φ0) = L(m, g3,Φ) + Lc.t.(m, g3,Φ, δm, δg3, δZΦ), (5.15)
where both the bare and the renormalized Lagrangian are given by (3.6) and
(3.10) using the appropriate parameters and fields. The counterterm Lagrangian
consists of all terms containing renormalization constants, and generates the
counterterm Feynman rules. Since all renormalization constants are of O(g23),
the counterterm Lagrangian can be treated as an interaction in perturbation the-
ory. The corresponding counterterm Feynman rules are given in Appendix A
along with the usual Feynman rules generated by L(m, g3,Φ). Including the
counterterm Feynman diagrams, one obtains the renormalized Green functions
G
(n)
R (p1, . . . , pn), and the renormalized vertex functions Γ
(n)
R (p1, . . . , pn), which
are the renormalized one-particle irreducible n-point functions. The renormal-
ized two-point function Γ
(2)
R is the inverse of the propagator up to a factor
Γ
(2)
R (p,−p)G(2)R (p,−p) = −1. (5.16)
5.2. VIRTUAL CORRECTIONS 47
The divergent parts of the renormalization constants are fixed by the require-
ment of finite Green functions. The finite parts can however be arbitrary, and
have to be fixed by imposing a set of renormalization conditions. For the mass
and wave function renormalization we use the on-shell scheme [60, 61]. The





































R (p) = −1. (5.17)
These conditions ensure that the real parts of the poles of the propagators are
given by the mass parameters of the Lagrangian, which are therefore the physical
particle masses. Furthermore, the propagators are required to have residue one.
The propagator residues appear as Z-factors in the LSZ reduction formula, which
describes the transition from Green functions to S-matrix elements. Requiring
the residues to be one implies that no radiative corrections for external lines
have to be taken into account explicitly. The renormalization conditions given
above also demand that the renormalized two-point functions and therefore the
propagators are UV finite.
To calculate the renormalization constants from the above conditions, the
renormalized two-point functions Γ
(2)
R can be split into the inverse tree-level prop-
agators and the renormalized self-energies ΣR, which contain the loop and coun-































The longitudinal part ΣGGR,L(p
2) of the gluon self energy vanishes due to a ward
identity. Inserting these decompositions into the renormalization conditions, it is
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possible to calculate the renormalization constants from the unrenormalized self
energies Σ, resulting in
δZg = −ReΣGGT ′(0)































denotes the derivative of the self energy. Explicit
results in terms of scalar integrals are given in Appendix D. The renormalization
constants given above do not only contain the UV divergences necessary to render
the two-point functions UV finite, but also IR divergences.
For the remaining coupling constant renormalization we use the MS-scheme
[62], where only the 1

-poles along with some accompanying terms are included







− γ + ln 4pi), (5.20)
with
β0 = 3Nc −Nf . (5.21)
Using the renormalization constants (5.19) and (5.20) all Green functions are UV
finite. We have explicitly checked the finiteness of the off-shell Green functions.
Finally, the finite counterterm for the q ¯˜qg˜ Yukawa vertex given by (5.12) has to
be included.
The strong coupling defined by (5.20) depends on the renormalization scale










In our scheme all coloured particles contribute to the scale dependence of αs.
Experimental values for αs(mZ) are however given within non-supersymmetric
QCD with five active flavours. In SUSY QCD this corresponds to a renormal-
ization scheme where all heavy particles (i.e. gluinos, squarks and the top quark)
are decoupled from the scale dependence of αs. The relation between α
QCD
s (mZ)
in this scheme and αs(mZ) in our scheme is given by
αs(mZ) = α
QCD
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where Nc = 3 is the number of colours and Nf = 6 is the number of active
flavours in our scheme.
5.2.5 Infrared divergences
After renormalization there still remain IR divergences in the virtual corrections.
Since we have moved all IR divergences from the 4-point to the 3-point integrals
as described above, all IR divergences reside in scalar three-point integrals and
derivatives of two-point integrals. The coefficients of the IR divergent scalar
integrals become very simple, and the IR divergent contribution of the virtual














(1− µ2 − µ3 − x1)sC0(s23, m2q˜ , m2g˜, mg˜, mq˜, 0)
− 3
2
(1 + µ3 − µ2 − x3)sC0(0, s12, m2g˜, 0, 0, mg˜)
− 1
6




where dσ1 is the leading-order differential cross section, evaluated in D dimen-



























































where tij = 2pipj, λ(a, b, c) = (a+ b− c)2−4ab is the usual 2-particle phase space






g˜))/(2s23). The factorization of
the IR divergent part of the virtual corrections with respect to the leading-order
cross section is a necessary prerequisite for the cancellation of the IR divergences
with the divergences from the real corrections.
5.3 Real corrections
In this section we will describe in detail the calculation of the real corrections,
especially the implementation of the phase space slicing method. The inclusion
of the effects of additional real gluon emission is necessary to cancel the IR
divergences appearing in the virtual corrections. Therefore, we have to calculate
the process
e+(p+) e
−(p−) → (γ∗, Z∗) → qi(p1) g˜a(p2) ¯˜qj(p3)gb(k), (5.26)
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Figure 5.3: Feynman diagrams for the real corrections. Initial state particles have
been omitted.
where the colour indices are shown explicitly. This process is obtained from the
tree level process e+e− → q ¯˜qg˜ by adding a gluon of momentum k in the final
state.
The 9 diagrams that contribute to this process are shown in Fig. 5.3. The


















where the upper/lower sign corresponds to the production of L/R-squarks, and
the leptonic currents Lγµ and L
Z
µ are defined in Eq. (4.14). The calculation of
the hadronic part Hh,µR from the Feynman rules is straightforward, but since the
resulting expression is rather long, we do not give it explicitly.
The matrix elements for the tree level process Eq. (4.10a) and for the real






aT b)ijSab + (T
bT a)ijSba, (5.28)
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with no implied summations over colour indices. The coefficients Sa, Sab, and Sba
of the colour structures are called colour ordered subamplitudes. The squared
















This decomposition of |MR|2 is chosen, because all three contributions on the
r.h.s. have simple soft limits, making the integrals over the soft phase space
sufficiently simple to calculate them analytically in D dimensions. Furthermore,
we will use a different phase space splitting for each of these 3 contributions, so
that these contributions have to be treated separately.
As the full matrix elements M0 and MR, all colour ordered subamplitudes
can be factorized in the form S = LµS
µ. The integration over the final state











































R can be obtained in the same way, and the complete








5.3.1 Soft and collinear limits
We will now discuss the soft and collinear limits and introduce the corresponding
approximations of the matrix element. These approximations only contain the
singular behaviour and have a form simple enough to allow their analytical inte-
gration over the soft and collinear parts of phase space. The remaining regular
parts can be neglected for a sufficiently small slicing parameter xcut, since in the
limit xcut → 0 the volume of the soft and collinear phase space regions approaches
zero.
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The soft and collinear approximations are universal, i.e. they can be written
down once the process and therefore the external particles are specified, without
actually having to calculate the matrix elements M0 orMR. They are furthermore
valid in D dimensions, so that the appearing tree level matrix elements or squared
matrix elements have to be evaluated in D dimensions. We have of course checked
that our expression of the full squared matrix element, or rather the 3 colour
contributions in Eq. (5.29), do reduce to the soft and collinear approximations
given below.
In the soft limit, i.e. if the gluon momentum becomes small, the full matrix
element MR cannot be written in a simple, factorized form due to its nontrivial
colour structure. However, the colour ordered subamplitudes factorize according
to
Sab
k soft−→ g3e(p2, p3)Sa
Sba
k soft−→ g3e(p1, p2)Sa, (5.33)
with the eikonal factor e(pi, pj) given by












where ∗µ(k, λ) is the polarization vector of the gluon with polarization λ. In
Eq. (5.33), terms ofO(k0) have been neglected, so that the factorization in the soft
limit only holds exactly for vanishing gluon momentum k. Using these equations,
the soft limits of the contributions appearing in Eq. (5.29) can be obtained
|Sab|2 k soft−→ g23f(p2, p3)|Sa|2
|Sba|2 k soft−→ g23f(p1, p2)|Sa|2
|Sab + Sba|2 k soft−→ g23f(p1, p3)|Sa|2, (5.35)
with











In the square of the eikonal factor we have used the gluon polarization sum∑
λ µ(k, λ)
∗
ν(k, λ) = −gµν , which is possible if only one external gluon is present.
The simple structure of these soft limits is the reason for using colour ordered
subamplitudes, and especially for writing |MR|2 in terms of |Sab + Sba|2 and not
in terms of Re(SabS
∗
ba).
The other relevant limit is the collinear limit, which is defined by the gluon
momentum being parallel to another external particle momentum. A singularity
is only associated with this configuration if the other particle is massless, and
the gluon couples to it. In the process (5.26) a collinear singularity therefore
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only occurs if the gluon and the quark become collinear. In this case the squared
matrix element factorizes according to
|MR|2 p1||k→ 4piαs 1
p1k
Pq→qg(z) |M0|2, (5.37)





1− z − (1− z)
]
, (5.38)
with the momentum fraction of the quark denoted by z, so that in the exact
collinear limit we have
p1 = z(p1 + k)
k = (1− z)(p1 + k). (5.39)
The collinear singularity in Eq. (5.37) is contained in the scalar product p1k,
that can be written as p1k = p
0
1k
0(1− cos θ1g), and vanishes for cos θ1g = 1. For
our implementation of the phase space slicing method we also need the collinear
limits of the colour contributions in Eq. (5.29), which can be deduced from the
limit of the full squared matrix element, and are given by
|Sba|2
|Sab + Sba|2
 p1||k→ 4piαs 1p1k 2N2c − 1 Pq→qg(z)CF |M0|2
|Sab|2 p1||k→ regular. (5.40)
While |Sba|2 and |Sab + Sba|2 have identical limits, the contribution |Sab|2 is not
singular in the collinear region. The reason for this is that the diagrams where
the gluon is emitted by the final state quark do not contribute to Sab, but only
to Sba, and only these diagrams contain singularities.
5.3.2 Definition of phase space splitting
The approximations of the colour contributions to the squared matrix element
given above have to be integrated analytically over the soft and collinear parts
of phase space. In order to do this, we first have to define the splitting of phase
space into a soft, a collinear, and a hard part. There is a certain freedom in
the choice of this splitting, which we use to render the integrals as simple as
possible. Since the gluon energy Eg and the angle θ1g between the gluon and
the quark directly appear in the soft and collinear limits (5.35) and (5.40), we
define the separation of phase space into the different regions in terms of these
variables. Motivated by the fact that the soft limits are given in terms of the
function f(pi, pj), containing a different set of only 3 of the 4 particle momenta
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for each of the 3 contributions in (5.32), we choose a slightly different splitting
for each of these 3 colour contributions. The integrals over soft phase space then
take a very simple form.
Specifically, we use the gluon energy E
(ij)
g and the polar angle θ
(ij)
ig between
particle i and the gluon defined in the 3 particle CMS pi + pj + k = Qijg =
(
√
sijg,~0), where pi and pj are two of the particles in the tree level process. The
scaled energy x
(ij)













Furthermore, if particle i is massless, cos θ
(ij)






piQijg · kQijg . (5.42)
In terms of these variables we will now define the splitting of phase space for the
three colour contributions.
|Sab|2: This contribution has only soft, but no collinear singularities, so that it
is sufficient to split the phase space into a soft and a hard part. We write
this decomposition as an identity in terms of Heaviside functions Θ as
1 = Θ(xcut − x(23)g ) + Θ(x(23)g − xcut), (5.43)
where the first term corresponds to the soft part of phase space and the
second term to the hard part.
|Sba|2: This contribution has soft and collinear singularities. We therefore split
the phase space into three regions according to
1 =
[




Θ(1− cos θ(12)1g − xcut) + Θ(xcut − (1− cos θ(12)1g ))
]
= 1 ·Θ(xcut − x(12)g )
+ Θ(x(12)g − xcut)Θ(xcut − (1− cos θ(12)1g ))
+ Θ(x(12)g − xcut)Θ(1− cos θ(12)1g − xcut). (5.44)
Here, the first term describes the soft region, which includes also the region
where the gluon is both soft and collinear to the quark. The collinear but
not soft part corresponds to the second term, and the remaining hard part
is described by the last term.
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|Sab + Sba|2: The last contribution also has soft and collinear singularities, and
the splitting is defined analogous to the previous case by
1 =
[




Θ(1− cos θ(13)1g − xcut) + Θ(xcut − (1− cos θ(13)1g ))
]
= 1 ·Θ(xcut − x(13)g )
+ Θ(x(13)g − xcut)Θ(xcut − (1− cos θ(13)1g ))
+ Θ(x(13)g − xcut)Θ(1− cos θ(13)1g − xcut). (5.45)
Again, the first term corresponds to the soft region, the second to the
collinear and not soft region, and the third to the hard region of phase
space.
5.3.3 Contributions from soft phase space
To perform the integration of the approximations (5.35) over the soft phase space,
we have to factorize the full 4-particle phase space within the soft region. This
factorization is very simple in the soft case, and can be written as

















Θ(xcut − x(ij)g ). (5.47)
In the soft limits (5.35) only the squared eikonal factors f(pi, pj) depend on the
gluon momentum. We therefore have to calculate the integrals








f(pi, pj)Θ(xcut − x(ij)g ), (5.48)
where the factor µ4−D, necessary in dimensional regularization, is included. We
need this integral for the case of one vanishing and one non-vanishing mass as
well as for both masses nonzero. These integrals do only depend on the invariants
of the leading order 3-body kinematics, and are given explicitly in Appendix C.
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In terms of these integrals, the soft contribution to the angle integrated dif-


















· S(13)(0, mq˜) · dσ1. (5.49)
Adding these together, the total contribution from the soft phase space is obtained










Using the explicit expressions for the integrals, the IR divergent part can be
























































using the notations introduced in Appendix C.2. There are IR divergent terms
containing ln(xcut), which originate from the split-up of the singular region into a
collinear but not soft part, and a soft part. Therefore, these terms have to cancel
against the corresponding terms from the collinear part.
5.3.4 Contributions from collinear phase space














(1− µ(1i)i )−2dz dy dΩD−2[z(1− z)]−2
· (1− y
2)−
1− y Θ(xcut − (1− y))Θ(1− zcut − z), (5.53)







, and zcut =
xcut
1−µ(1i)i
. The singular factor 1
p1k
from the
collinear limit of the squared matrix element is included in this factorization, so
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that we have to calculate the integrals of the splitting function over the collinear
















































































· C(3)q→qg · dσ1. (5.55)
The total contribution from the collinear part of phase space is therefore given
by








































The IR divergences of the real corrections are completely given by (5.51) and
(5.57). When these two contributions are added, the IR divergent ln(xcut) terms
cancel as necessary.
Finally, comparing with the IR divergences of the virtual corrections (5.25),
it can be seen that all IR divergences cancel between real and virtual corrections,
as required by the Kinoshita-Lee-Nauenberg theorem. Adding up the virtual
corrections, the soft and the collinear contributions therefore yields a finite result,
which is numerically integrated over the 3 particle phase space in 4 dimensions
using VEGAS.
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5.3.5 Contributions from hard phase space
The contributions from hard phase space are completely finite, and are therefore
integrated in 4 dimensions using the 4 dimensional squared matrix element. Of
course, the 3 contributions in (5.32) have to be treated separately, since we use
a different phase space splitting for each one. In principle this integration could
be performed using any parameterization of the 4-particle phase space. However,
in order to obtain numerically stable results for small values of the slicing pa-
rameter xcut, it is necessary to use the variables x
(ij)
g and cos θ
(1i)
1g , appearing in
the definition of the phase space splitting, directly as integration variables. This
means that we have to use different parameterizations of phase space for the 3
colour contributions, which we give below.











2 s23g(s− s23g), (5.58)
where Ω and φ describe the final state orientation in the overall CMS, while the





2 are the scaled energies of the gluon and gluino defined in (5.41),
θ
(23)
12 is the polar angle between the gluon and the gluino momentum, while ϕ
(23)
is the azimuthal angle corresponding to a rotation around the ~p2-direction. The
integration borders are given by









(2− x(23)g )(1 + µ˜2 − µ˜3 − x(23)g )
± x(23)g λ
1
2 (1− x(23)g , µ˜2, µ˜3)
]
(mg˜ +mq˜)
2 ≤ s23g ≤ s
0 ≤ ϕ ≤ 2pi



















· λ 12 (s, s12g, m23)
s12g(1− x(12)g )−m22
[2− x(12)g (1− cos θ(12)1g )]2
, (5.60)
where all variables except Ω and φ are defined in the p1 +p2 +k CMS. The scaled
gluon energy x
(12)




13 are the polar angles between
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the quark and the gluon/squark, and ϕ is the azimuthal angle associated with
rotations around the quark momentum axis. The integration borders for this
parameterization are given by
0 ≤ x(12)g ≤ 1−
m22
s12g
m22 ≤ s12g ≤ (
√
s−m3)2
−1 ≤ cos θ(12)1g ≤ 1
−1 ≤ cos θ(12)13 ≤ 1
0 ≤ ϕ(12) ≤ 2pi. (5.61)
For the |Sab + Sba|2 contribution the parameterization can be obtained from the
one above by exchanging the gluino and the squark, corresponding to the ex-
change 2 ↔ 3 in all indices.
Using these parameterizations, it is possible to choose very small values for
xcut without encountering numerical instabilities in the integration, though the
relative errors for the complete NLO corrections will grow large due to numerical
cancellations between the hard contributions and the soft and collinear contribu-
tions. The choice of a suitable value of xcut will be discussed below.
5.4 Checks of the calculation
Since the final results for the NLO corrections are very complicated expressions, it
is necessary to perform several checks to ensure the correctness of the calculation.
The cancellation of all UV- and IR-divergences is already such a nontrivial
check. Since all mass and wave-function renormalization constants are computed
from the self energy corrections, and the coupling constant counterterm is re-
quired to render the renormalized qq¯g-vertex correction finite, the UV-finiteness
of the other renormalized 1PI vertex functions appearing in this process is a first
test of the calculation. Furthermore, because all UV divergences are contained
within the counterterms and the scalar 1- and 2-point functions A0 and B0, gen-
erated mostly by the tensorreduction, this is also a test of our implementation of
the tensorreduction. The IR-divergences all reside within the scalar 3-point inte-
grals C0, and the derivative of the scalar 2-point integral B
′
0. The IR-finiteness
is therefore also a check of the tensorreduction, and at the same time a partial
test of the soft and collinear parts of the real corrections.
In the phase space slicing approach used in this calculation the result depends
in principle on the slicing parameter xcut, because terms of O(xcut) are neglected.
However, these errors become arbitrarily small for xcut → 0, and the result must
show convergence if this limit is performed numerically. At the same time can-
cellations between the hard part of the real corrections and the soft and collinear
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cutx















































Figure 5.4: Phase space slicing parameter dependence of real corrections. The
parameter values
√
s = 2000 GeV, mg˜ = 600 GeV, mq˜ = 200 GeV, and µ =
mq˜ +mg˜ have been used.
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part will grow large, leading to larger numerical errors. Therefore, the value of
xcut has to be chosen carefully. In Fig. 5.4 we have shown the xcut-dependence






R of the real correc-
tions at
√
s = 2000 GeV, and for the masses mg˜ = 600 GeV, and mq˜ = 200 GeV.
A value of µ = mq˜ + mg˜ has been chosen for the renormalization scale. These
quantities are of course IR-divergent, and only the finite part is shown. It can
be seen that the results are xcut-dependent for large values for xcut. A plateau
is however reached for xcut . 10
−3, with numerical errors continually growing as
xcut gets smaller. This implies that the implementation of the phase space slicing
procedure has been done consistently. We have also investigated other choices of
the parameters, which yield similar results. Therefore, we use the value
xcut = 10
−4, (5.62)
which clearly lies in the plateau region, for all subsequent results.
A further check can be made by investigating the renormalization scale de-
pendence of the complete NLO result. The total cross section summed to all
orders in perturbation theory is scale independent and can be written as a Taylor
series in αs(µ) in the usual way




The NLO coefficient B(µ) does explicitly depend on µ, while the leading order
coefficient A is scale independent. We can now take the derivative of (5.63) with
respect to µ on both sides, and rearrange the resulting terms into a series in
αs(µ). Since the l.h.s is scale independent, each coefficient has to vanish, and






with β0 from (5.21). Integrating this, the NLO coefficients at different scales can
be related






Note that (5.65) is an exact equation, and does not receive corrections from terms
of higher order in αs(µ). We have explicitly checked for several parameter sets
that the scale dependence of our numerical results is in agreement with (5.65).
5.5 Numerical results
In the results presented below, we have summed up the contributions of the
4 final states (4.10a)-(4.10d) for all 5 light flavours f = u, d, s, c, b. The NLO
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2 in (5.5) and (5.31). As in the tree level
case, the final states containing an antiquark are related by (4.12) to the q ¯˜qg˜ final
states, yielding a factor 2 for the angle-integrated differential cross sections.
We first consider the case mq˜ < mg˜ (case I in Tab. 4.1). In Fig. 5.5a the√
s-dependence of the total cross sections in LO and in NLO is shown for the
parameters mg˜ = 600 GeV, mq˜ = 200 GeV, which lie outside of the current
CDF boundaries. The renormalization scale has been chosen as µ = mg˜ + mq˜.
The SUSY QCD corrections are significant and positive, and shift the peak of
the cross section downwards by about 500 GeV. The corrections enhance the
LO result by +45% in the NLO peak region and fall slowly off towards higher
c.m. energies, reaching +15% at
√
s = 5000 GeV. For small c.m. energies
the NLO corrections become arbitrarily large compared to the LO result, due
to the Coulomb singularities directly above the threshold. Fig. 5.5b shows the
same quantities for the parameters mg˜ = 400 GeV, mq˜ = 300 GeV. The general
pattern is similar to the case discussed before. The peak of the cross section
is shifted slightly downwards, with the corrections at the peak amounting to
+25%. However, the corrections fall off faster, and are getting negative at high
energies, with a correction of −10% at √s = 5000 GeV. The scale dependence
for this parameters for a c.m. energy in the peak region is shown in Fig. 5.6. The
inclusion of the NLO corrections reduces the scale dependence, thus leading to a
more reliable theoretical prediction of the cross section.
For the case mq˜ > mg˜ the process e
+e− → q ¯˜qg˜ is relevant only in the region IIb
in Tab. 4.1. Fig. 5.7 shows the
√
s-dependence of the LO and NLO cross sections
in this region, with the parameters mg˜ = 200 GeV and mq˜ = 500 GeV. In this
region the NLO corrections are positive and very large, with values of +75%
to +80% in the upper half of the region. Of course this region is rather close
to the kinematical threshold, so that large NLO corrections have to be expected
here. Furthermore, the scale dependence is increased by the inclusion of the NLO
corrections, as is shown in Fig. 5.8. This is not surprising however, given the large
value of the corrections. It seems therefore that the perturbative expansion is not
very reliable in this region. However, since the absolute value of the cross section
is significantly below 1 fb, this region will probably not be relevant for the test
of the supersymmetric coupling relation, making it less important to have an
accurate theoretical prediction here.
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 = 600 GeVgm~
 = 200 GeVqm~
q+mg = mµ ~ ~
(a)
 [GeV]s
















 = 400 GeVgm~
 = 300 GeVqm~
q+mg = mµ ~ ~
(b)
Figure 5.5: Total cross section for gluino production in LO and NLO. Parameters
correspond to case I in Tab. 4.1.
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 = 2000 GeVs
 = 400 GeVgm~
 = 300 GeVqm~
q+mg = m0µ ~ ~
Figure 5.6: Scale dependence in leading and next-to-leading order for
√
s =
2000 GeV, mg˜ = 400 GeV and mq˜ = 300 GeV. The reference scale is µ0 =
mg˜ +mq˜.
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 = 200 GeVgm~
 = 500 GeVqm~
q+mg = mµ ~ ~
Figure 5.7: Total cross section for gluino production in LO and NLO. Parameters
correspond to case II in Tab. 4.1.
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 = 850 GeVs
 = 200 GeVgm~
 = 500 GeVqm~
q+mg = m0µ ~ ~
Figure 5.8: Scale dependence in leading and next-to-leading order for
√
s =
850 GeV, mg˜ = 200 GeV and mq˜ = 500 GeV. The reference scale is µ0 = mg˜+mq˜.
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Chapter 6
Conclusions
The supersymmetric QCD corrections to the process e+e− → q ¯˜qg˜ have been
presented. This process can be used to determine the supersymmetric Yukawa
coupling gˆ3 at future e
+e− linear colliders. By comparing this coupling to the
gauge coupling g3, measured using the processes e
+e− → qq¯g or e+e− → q˜ ¯˜qg, it
is possible to verify the supersymmetric SU(3) coupling relation, which requires
both couplings to be equal and is an important prediction of supersymmetry.
Depending on the squark and gluino masses, and the available c.m. energy, the
different processes which are most promising for the verification of this coupling
relation have been identified.
For the case mq˜ < mg˜, the supersymmetric Yukawa coupling gˆ3 can be mea-
sured best in the q ¯˜qg˜-production process. The total cross section reaches several
fb for a c.m. energy sufficiently above the kinematical threshold. In this region
the radiative corrections are sizeable and enhance the leading order result by up
to +45%. At the same time, the large scale dependence of the tree level cross
section is significantly reduced. In this important case, the inclusion of the NLO
corrections therefore leads to a more accurate and reliable theoretical prediction.
If mq˜ > mg˜, the best possibility for the measurement of the Yukawa coupling
lies in the study of squark decays at c.m. energies above the squark pair produc-
tion threshold. If the c.m. energy is not high enough, the q ¯˜qg˜-production process
provides an alternative, though the cross sections are below 1 fb in this region,
because the region is close to the kinematical threshold. At the same time, the
radiative corrections are large, with enhancements of the leading order result of
+75% to +80%, while the scale dependence is not reduced, indicating that the
perturbative expansion is not reliable in this region.
This thesis, in conjunction with the parallel calculation of the NLO corrections
to the process e+e− → q˜ ¯˜qg [44], therefore provides the theoretical basis for a
verification of the supersymmetric SU(3) coupling relation at future e+e− linear
colliders.
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Appendix A
Feynman rules
In this Appendix we present all Feynman rules used in the calculations. These
include the full set of SUSY QCD Feynman rules governing the interactions of
gluons (g), gluinos (g˜), quarks (q), squarks (q˜) and Faddeev-Popov ghosts (η)
as well as the couplings of quarks and squarks to the neutral electroweak gauge
bosons γ and Z0.
Since gluinos are Majorana fermions one has to cope with fermion number
violating interactions. Simple Feynman rules for these can be obtained by in-
troducing a continuous fermion flow for all fermion chains, which is independent
of the fermion number flow of Dirac fermions [63]. In this approach no explicit
charge conjugation matrices appear and the relative signs of interfering diagrams
can be as easily obtained as for Dirac fermions.
The Feynman rules for propagators and external fermions are given in Figs. A.1
and A.3, and the interaction vertices are shown in Figs. A.4, A.5 and A.6. The
renormalization constants are included in the expressions for the vertices, thus
giving both the normal and the counterterm Feynman rules. The counterterm
Feynman rules for the propagators are shown in Fig. A.2. We use the Feynman
gauge and therefore have to include ghost particles, denoted by dotted lines.
The direction of the continuous fermion flow is indicated by arrows and parti-
cle momenta in the vertices are understood to be incoming. PL/R are the chiral
projection operators defined as PL/R =
1
2
(1 ∓ γ5). The generators T aij of the
fundamental representation of SU(3) are normalized according to
Tr[T a, T b] =
1
2
δab [T a, T b] = if abcT c. (A.1)
In the four-squark-vertices there appear flavour (f, f ′) and chirality (h, h′ = L/R)
indices and the symbol
(−)hh′ =
{
−1 if h = h′
+1 if h 6= h′.
(A.2)
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Figure A.1: Feynman rules for propagators. Direction of fermion flow is indicated
by arrows. The propagator momentum p flows from left to right.
Feynman rules for the interactions of γ’s and Z0’s with quarks and squarks are
expressed in terms of the vector- and axialvector-couplings of the left-handed
SU(2)-doublet fermions of the corresponding flavour, given by










with T q3 = ±12 , the charge Qq given in units of e (Qe− = −1), sw = sin(θW ) and
cw = cos(θW ).
To obtain Feynman amplitudes using these rules the direction of the fermion
flow has first to be arbitrarily fixed for every fermion chain in each diagram.
Dirac matrices and spinors are then written down in the direction opposite to
the fermion flow. Relative signs of different diagrams arise from permutations
of external spinors in the conventional way. Each closed fermion or ghost loop
contributes a factor of (−1) as usual. Furthermore combinatorial factors arise
from gluino loops and diagrams with multiple external gluinos in the same way










2 −m2q˜)− δm2q˜ ]





Figure A.3: Feynman rules for external fermions with fermion flow indicated by




g3(1 + δg3 +
3
2
δZg)fabc[(q − p)ρgµν + (p− k)νgµρ





−ig23(1 + 2δg3 + 2δZg)[feabfecd(gµρgνσ − gµσgνρ)
+ feacfebd(gµνgρσ − gνρgµσ)
+ feadfebc(gµνgρσ − gµρgνσ)]
Figure A.4: Feynman rules for interaction vertices.




































ig23(1 + 2δg3 + δZg + δZq˜)
{













∓i√2g3(1 + δg3 + 12δZq + 12δZq˜ + 12δZg˜)T aijPLR


















(1 + 2δg3 + 2δZq˜) (δijδkl + δilδjk)
j, f, h
i, f, h
l, f ′, h′
k, f ′, h′












µ −ie(1 + δZq) (cV + cAγ5) γµ
V















2ieg3(1 + δg3 +
1
2
δZg + δZq˜) (cV ± cA)T aijgµν
Figure A.6: Feynman rules for interaction vertices (continued).
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Appendix B
Leading order cross section for
e+e−→ q ¯˜qg˜
In this appendix we give the analytical result for the integrated cross section of










2− qρ− 2√1− ρq
ρ
ω =
2− qρ + 2√1− ρq
ρ
τmin =
4q − q2ρ− ρ−√(−4q + q2ρ+ ρ− 2qρ)(2qρ− 4q + q2ρ+ ρ)
2qρ
, (B.2)
the result for the total cross section can be expressed in terms of a function F (τ)
as follows
σtot(e
+e− → q ¯˜qhg˜) =
α2αs
3s
Ch1 [F (τ = 1)− F (τ = τmin)] . (B.3)
The factor Ch1 is defined in (4.2). The function F (τ) is a little lengthy:
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(qρ− 4) ln (τ) + τ − 1
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(q + τ)(τω − 1)(τκ− 1)


































(1− τω)(q + ω)




(1− τω)(ωq + 1)




(q + τ)(qτ + 1)ω







− ln2 (q) + ln (q(q + τ)) ln (1− q2)
− 1
2












7q6ρ2 − 4q5ρ + 2q4ρ2 − 16q4 − 32q3ρ− 7q2ρ2 + 16q2 + 20qρ− 16]
− (q
2 − 1)ρ2(κ− ω)
32ωq2
[



































4ρ− 4q3 − 2q2ρ+ 2q + ρ




4ρ− 2q3 − 2q2ρ + ρ
2q(q2 − 1)(qτ + 1) +
1
2(qτ + 1)2
+ (ω ↔ κ)
(B.4)
Appendix C
Scalar and soft integrals
In this Appendix we will list all divergent integrals that appear in our calculation.
These include UV divergent and IR divergent scalar loop integrals, as well as the
IR divergent integrals arising from the emission of soft gluons. The IR divergent
integrals from the collinear region of the real corrections have already been given
in Sect. 5.3.4. The integrals have been calculated using dimensional regularization
in D = 4− 2 space-time dimensions. Within this regularization scheme, the UV
divergences and the IR divergences from either the soft or the collinear region
appear as simple 1

poles, while IR divergences from the both soft and collinear
region show up as double 1
2
poles. In all integrals given below, we use
C = (4pi)
Γ(1 + ) = 1− γ +  ln(4pi) (C.1)
where γ ≈ 0.5772 is the Euler-Mascheroni constant.
C.1 Scalar integrals
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where µ is the regularization scale, and the denominator factors Di are given by
D0 = k
2 −m21 + i
D1 = (k + p1)
2 −m22 + i
D2 = (k + p2)
2 −m23 + i
D3 = (k + p3)
2 −m24 + i. (C.3)
Note that within this conventions D60 is not obtained by setting D = 6 in the
definition for D0. The integrals can be calculated using Feynman parameteriza-
tions. This has been done for the UV-divergent integrals and the finite 3- and
4-point integrals in [65], a more compact expression for the 4-point function is
given in [66]. For the numerical calculation of these integrals we use the Loop-
Tools library [67], which is based on the FF package [68]. The same method can
also be used for the IR-divergent integrals, and the IR-divergent 3-point integrals
shown below have been taken from the literature [57, 69].
For calculating the interference of the virtual with the born matrix element,
only the real parts of the integrals are relevant. In the formulas below, we there-
fore only give the real part. Because we have dropped the i-prescriptions, ex-
cept where they are necessary for the determination of the real part, some of
the integrals contain spurious imaginary parts, which have to be dropped. The
dilogarithm or Spence function appearing in the integrals is defined by






Further relations, properties, and tables of integrals leading to dilogarithms are
given in [70], while a series expansion suited for numerical evaluation is given in
[65].
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Some special cases are
B0(m
2, m, 0) = 1 +
A0(m)
m2





























































The derivative of B0 defined by
B′0(p








appears in the wave function renormalization and is given by
B′0(p























r2 − 1 ln r
)
. (C.10)
It may also contain IR-divergences
B′0(m











A special case is the integral B0(0, 0, 0), which appears in the wave-function
counterterms of the massless quarks and gluons. It can be shown that this integral
can be consistently set to zero [64], but this cancels UV- against IR-divergences.
In order to make separate checks of UV- and IR-finiteness possible, we write








where we distinguish between UV and IR poles, though of course UV = IR = .
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The 3-point integrals can only contain IR- but no UV-divergences. The rele-
vant integrals are
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The 4-point integrals also contain only IR-divergences. From the first integral




















−C0(q22, s,m2q˜; 0, mq˜, mq˜)− 2D˜
]
, (C.19)































































s− q22 +m2q˜ ± λ
1















For the integral I(u, v) appearing above, we have to distinguish 3 cases:
• u complex, v real:

















• u,v real, u > v:

























ln(v − u)− ζ(2) + pi2 sign(u) sign(v) (C.25)
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• u,v real, v > u:











































































+ (u+ → u−)
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s+m2g˜ − q23 ± λ
1















1 F2 = −1 (C.32)






















































+ (u+ → u−)
]

























s− q22 +m2q˜ ± λ
1






s + q23 −m2g˜ ± λ
1



















F1 = −q22 +m2q˜ F2 = 0 (C.39)
G1 = q
2





The soft integrals are defined by
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2 (sij, m2i , m
2
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tij = 2pipj, (C.43)
































































In this Appendix we list the explicit results for the renormalization constants in







NcB0(0, 0, 0)−NcB0(0, mg˜, mg˜)− Nf
2
B0(0, mq˜, mq˜)



















































g˜, mq˜, 0) + 2(m
2
q˜ −m2g˜ −m2t )B′0(m2g˜, mq˜, mt)
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